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RARE DILEPTONIC DECAYS OF Λb IN A QUARK MODEL
L. Mott and W. Roberts
Department of Physics, Florida State University, Tallahassee, FL 32306
Hadronic form factors for the rare weak transitions Λb → Λ
(∗) are calculated using a nonrela-
tivistic quark model. The form factors are extracted in two ways. An analytic extraction using
single component wave functions (SCA) with the quark current being reduced to its nonrelativistic
Pauli form is employed in the first method. In the second method, the form factors are extracted
numerically using the full quark model wave function (MCN) with the full relativistic form of the
quark current. Although there are differences between the two sets of form factors, both sets satisfy
the relationships expected from the heavy quark effective theory (HQET). Differential decay rates,
branching ratios and forward-backward asymmetries (FBAs) are calculated for the dileptonic decays
Λb → Λ
(∗)ℓ+ℓ−, for transitions to both ground state and excited daughter baryons. Inclusion of
the long distance contributions from charmonium resonances significantly enhances the decay rates.
In the MCN model the Λ(1600) mode is the dominant mode in the µ channel when charmonium
resonances are considered; the Λ(1520) mode is also found to have a comparable branching ratio to
that of the ground state in the µ channel.
I. INTRODUCTION
The weak decays of heavy hadrons have been an important source of information on some of the fundamental
parameters of the Standard Model (SM). In particular, semileptonic decays of heavy hadrons have been important
in the extraction of some Cabibbo-Kobayashi-Maskawa (CKM) matrix elements [1]. However, the description of
these processes requires a number of a priori unknown form factors that parametrize the uncalculable (to date)
nonperturbative QCD dynamics. The precision to which these form factors can be calculated or modeled limits the
accuracy with which the CKM matrix elements can be extracted. In this regard, the heavy quark effective theory
(HQET) [2], quark models [3, 4], QCD sum rules [5], lattice QCD [6], etc. have been employed to improve the
modeling of these form factors.
In the same way, decays of heavy hadrons induced by flavor-changing neutral currents (FCNC), the so-called rare
decays, have been a subject of significant interest in recent years. Processes like b→ sγ and b→ sℓ+ℓ− are forbidden
at tree level, and at one-loop level are suppressed by the Glashow-Iliopoulos-Maiani (GIM) mechanism. These decays
therefore receive their main contribution from one-loop diagrams with a virtual top quark and a W boson. Therefore,
they provide valuable information about the CKM matrix elements Vts and Vtb.
In addition, because these decays occur at loop level, they are sensitive to new physics beyond the SM. In these rare
decays, new physics can appear either through new contributions to the Wilson coefficients that enter into the effective
Hamiltonian that describes these decays, or through new operators in the effective Hamiltonian that arise from sources
beyond the SM. For these reasons, these decays are promising candidates for looking for new physics beyond the SM.
Thus, the values of the Wilson coefficients are crucial to the determination of any new physics. As with the case of
semileptonic decays, the accuracy to which these parameters can be extracted is limited by our knowledge of the form
factors that are used to parametrize the hadronic matrix elements. Many experimentally measurable quantities such
as branching ratios, forward-backward asymmetries, lepton polarization asymmetries, etc. can be analyzed to more
precisely determine SM parameters and to look for new physics beyond the SM. It is known that most observables will
depend sensitively on the form factors; thus, the accuracy to which these form factors can be calculated is paramount
to the determination of any new physics inferred from these decays.
There have been many theoretical investigations of rare b→ s transitions in the the meson sector [7–52]. Melikhov
et al. have used a relativistic constituent quark model to treat the dileptonic decays of the B meson [21]. In [41],
perturbative QCD (pQCD) is used to estimate the form factors for B → K(∗). Light-cone sum rules (LCSRs) have
been employed for these transitions as well [15, 29, 35, 46]. The form factors obtained from the various models
have been used to calculate observables such as branching ratios (BRs), forward-backward asymmetries (FBAs) and
lepton polarization asymmetries (LPAs). These observables have been calculated both within the SM and for various
scenarios that arise beyond the standard model, such as supersymmetric (SUSY) models [29, 34, 42], models with
universal extra dimensions (UEDs) [52], and other new physics (NP) scenarios [44, 46].
In the baryon sector, there have been a few techniques employed in the computation of the form factors for the rare
Λb → Λ transitions [53–62]. In much of what has been put forth, HQET is used to reduce the number of independent
form factors to two universal form factors valid for all currents, and a model is then employed to compute these two
form factors. Aslam et al. [53], Wang et al. [54] and Huang et al. [55] have used LCSRs to obtain the form factors for
Λb → Λ. QCD sum rules (QCDSRs) have also been employed in obtaining these form factors [56–59, 62]. A number
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of authors [56, 58, 60] have also used pole model parametrizations (PM) for the form factors. In [61] the form factors
for these transitions have been estimated using pQCD. The MIT bag model (BM) has been used in [59]. To the best
of our knowledge, no transitions to excited state Λ’s have been explored.
Experimentally, the exclusive radiative transition B → K∗(892)γ was first observed by CLEO [63]. The branching
ratio for this mode has been measured recently by both Belle [64] and BaBar [65] with an average branching ratio
B(B0 → K0∗(892)γ) = (4.33 ± 1.9) × 10−5. Several other decay modes such as B → K1γ,K∗2 (1430)γ, etc. [66–69]
have been observed as well. The mode B0s → φγ has been observed by Belle; its branching ratio was measured to
be B(B0s → φγ) = (57+22−19) × 10−6 [70]. Branching ratios for the inclusive process B → Xsγ have been measured by
CLEO [71], BaBar [72], and Belle [73]. From these measurements, the average branching ratio is [74]
B(B → Xsγ) = (3.55± 0.24± 0.09)× 10−4.
Branching ratios for the dileptonic decays have been measured by Belle [75], BaBar [76], and CDF [77]. From the
BaBar and Belle data, B(B → Kℓ+ℓ−) = (0.45 ± 0.04) × 10−6 and B(B → K∗(892)ℓ+ℓ−) = (1.08 ± 0.11) × 10−6.
Branching ratios for the inclusive process B → Xsℓ+ℓ− have also been measured by both Belle [78] and BaBar [79];
the average branching ratio is [80]
B(B → Xsℓ+ℓ−) = (3.66+0.76−0.77)× 10−6.
Note that this means that decays to the K and K∗ account for less than 50% of the rare dileptonic decays of the
B meson. The Belle Collaboration [81] has also measured the forward-backward asymmetry in B → K∗ℓ+ℓ− and
extracted ratios of Wilson coefficients from those data.
The experimental situation for b→ s transitions in the baryon sector is less rich than in the meson sector. The CDF
collaboration recently reported the first observation of the baryonic FCNC process Λb → Λµ+µ− [82]. The branching
ratio for this mode was measured to be B(Λb → Λµ+µ−) = (1.73 ± 0.42 ± 0.55) × 10−6. The LHCb Collaboration
[83] estimate that with 2 fb−1 of data taken in one year, there should be 750 Λb → Λγ events and nearly six times as
many events in excited hyperons. For the dileptonic decay mode, 800 events are expected for decays to the ground
state Λ; no potential yields were reported for excited states.
In this paper, we examine the rare weak dileptonic decays of Λb baryons to ground state and excited Λ baryons.
Some of the motivation for this study has been outlined above. It will also be useful to examine the sensitivity
of some of the lepton asymmetries to the form factors. It has been shown for rare meson decays that there are
observables, such as lepton polarization asymmetries, that are largely independent of the form factors in certain limits
[7, 12, 13, 15–18]. Such quantities thus offer largely model-independent ways to examine the physics content of some
of the Wilson coefficients [13].
To this end, we use two approximations to compute the form factors for Λb → Λ(∗) transitions. First, we use the
approximation employed in [84, 85]. In that work, analytic form factors for Λb → Λ(∗)c , Λc → Λ(∗), Λb → N (∗) and
Λc → N (∗) were calculated using single component wave functions obtained from a variational diagonalization of
a quark model Hamiltonian. In that calculation, quark operators were reduced to their nonrelativistic Pauli form.
The decay rates obtained using the form factors extracted in that calculation were in reasonable agreement with
experimental results for the semileptonic decays Λb → Λcℓνℓ and Λc → Λℓνℓ.
The second approximation we use for computing the form factors is an extension of this method; we keep the full
relativistic form of the quark spinors and use the full quark model wave function in a numerical extraction of the
form factors. Because this method uses fewer approximations, the form factors obtained in this way should give more
reliable results than the form factors obtained from the first method. We present the results of both methods to
demonstrate the sensitivity of the observables to the form factors. The goal here is to find observables that may be
less dependent on the form factors.
The rest of this paper is organized as follows: in Section II, we discuss the hadronic matrix elements, decay rates,
and forward-backward asymmetries. Section III gives a brief overview of HQET and presents HQET predictions for
the relationships among the form factors for the transitions we investigate. In Section IV, we describe the quark
model used to obtain the form factors, including some description of the Hamiltonian. The two methods we employ
to obtain the form factors are also briefly discussed. Numerical results such as form factors, differential decay rates,
branching ratios, and forward-backward asymmetries are presented in Section V. We present our conclusions and
outlook in Section VI. Some details of the calculation are shown in the Appendices.
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II. MATRIX ELEMENTS, DECAY RATES, AND FORWARD-BACKWARD ASYMMETRIES
A. Matrix Elements
The amplitude for the dileptonic decay of the Λb baryon can be written
iM(Λb → Λℓ+ℓ−) = GF√
2
αem
2π
VtbV
∗
ts(H
µ
1 L
(V )
µ +H
µ
2 L
(A)
µ ), (1)
where Hµ1 and H
µ
2 contain the hadronic matrix elements
Hµ1 = −
2mb
q2
C7(mb)T
µ
R + C9(mb)J
µ
L , (2)
Hµ2 = C10(mb)J
µ
L . (3)
The Ci are the Wilson coefficients,
T µR = 〈Λ(pΛ, sΛ) | siσµνqν(1 + γ5)b | Λb(pΛb , sΛb)〉, (4)
and JL is the matrix element of the standard V −A current
JµL = 〈Λ(pΛ, sΛ) | sγµ(1− γ5)b | Λb(pΛb , sΛb)〉. (5)
L
(V )
µ and L
(A)
µ are the vector and axial vector leptonic currents, respectively, written as
L(V )µ = uℓ(p−, s
−)γµvℓ(p+, s+), (6)
L(A)µ = uℓ(p−, s
−)γµγ5vℓ(p+, s+), (7)
where s± are the spin projections for the lepton and the antilepton.
In our analysis of the dileptonic decays, we will include the long distance contributions coming from the charmonium
resonances J/ψ, ψ′, . . . etc. To include these resonant contributions, we replace the Wilson coefficient C9 in Eq. 2
with the effective coefficient
Ceff9 = C9 + YSD(z, s
′) + YLD(s′), (8)
where z = mc/mb and s
′ = q2/m2b. YSD contains the short distance (SD) contributions from the four-quark operators
far from the charmonium resonance regions and YLD are the long distance (LD) contributions from the four-quark
operators near the resonances. The SD term can be calculated reliably in the perturbative theory, but the same cannot
be done for the LD contributions. The LD contributions are usually parametrized using a Breit-Wigner formalism by
making use of vector meson dominance (VMD) and the factorization approximation (FA). The explicit expressions
for YSD and YLD are [7, 53, 54, 56–58]
YSD(z, s
′) = (3C1 + C2 + 3C3 + C4 + 3C5 + C6)h(z, s′)−
1
2
(4C3 + 4C4 + 3C5 + C6)h(1, s
′)− 1
2
(C3 + 3C4)h(0, s
′) +
2
9
(3C3 + C4 + 3C5 + C6), (9)
YLD(s
′) = − 3π
α2em
(3C1 + C2 + 3C3 + C4 + 3C5 + C6)
×
∑
j=J/ψ,ψ′,...
kj
mjΓ(j → ℓ+ℓ−)
q2 −m2j + imjΓj
,
(10)
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where mj , Γj , and Γ(j → ℓ+ℓ−) are the masses, total widths, and partial widths of the resonances, respectively,
h(z, s′) = −8
9
ln z +
8
27
+
16z2
9s′
− 2
9
(
2 +
4z2
s′
) ∣∣∣∣1− 4z2s′
∣∣∣∣1/2
×
Θ
(
1− 4z
2
s′
)ln
1 +
√
1− 4z2s′
1−
√
1− 4z2s′
− iπ
+ 2Θ(4z2
s′
− 1
)
× arctan
 1√
4z2
s′ − 1

 ,
h(0, s′) =
8
27
− 4
9
ln s′ +
4
9
iπ, (11)
and kj are phenomenological parameters introduced to compensate for VMD and FA; they are chosen so as to
reproduce the correct branching ratio of B(B → K(∗)V → K(∗)ℓ+ℓ−) = B(B → K(∗)V )B(V → ℓ+ℓ−), for V =
J/ψ, ψ′. Since none of the analogous branching ratios of the Λb have yet been measured, we apply the phenomenological
factors obtained from decays of the B mesons to the decays of the Λb. For the lowest resonances J/ψ and ψ
′, we use
k = 1.65 and k = 2.36, respectively; for the higher resonances, we use the average of J/ψ and ψ′ (see [35, 62]).
The matrix elements in Eqs. 4, and 5 contain the currents sγµb, sγµγ5b, siσ
µνb and siσµνγ5b. In this work, we
examine decays to daughter baryons with JP = 1/2+, 1/2−, 3/2−, 3/2+, 5/2+. We make this choice because in the
quark model we use to calculate the matrix elements, these states have the most significant overlaps with the initial
ground state within the spectator quark approximation.
A baryon with angular momentum and parity JP may be represented by a generalized Rarita-Schwinger field (or
spinor-tensor) uµ1...µn(pΛ), with n = J − 1/2 indices. These spinor-tensors are symmetric in all of the indices, and
satisfy the conditions
p/Λuµ1...µn(pΛ) = mΛuµ1...µn(pΛ), γ
µ1uµ1...µn(pΛ) = 0,
pµ1Λ uµ1...µn(pΛ) = 0, g
µνuµν...µn(pΛ) = 0. (12)
For parity considerations, it is necessary to divide the spinor-tensors into two classes. Those with natural parity are
called tensor, while those with unnatural parity are labeled as pseudo-tensor. Here, a state of total angular momentum
J is said to have natural parity if P = (−1)J−1/2, unnatural parity otherwise.
For transitions between the ground state and any state with JP = 1/2+, the matrix elements of these currents are
〈Λ | sγµb | Λb〉 = u(pΛ, sΛ)
[
F1(q
2)γµ + F2(q
2)vµ + F3(q
2)v′µ
]
u(pΛb , sΛb), (13)
〈Λ | sγµγ5b | Λb〉 = u(pΛ, sΛ)
[
G1(q
2)γµ +G2(q
2)vµ +G3(q
2)v′µ
]
γ5u(pΛb , sΛb),
(14)
〈Λ | siσµνb | Λb〉 = u(pΛ, sΛ)T µνu(pΛb , sΛb), (15)
where we have used v = pΛb/mΛb , v
′ = pΛ/mΛ, and
T µν = H1(q2)iσµν +H2(q2)(vµγν − vνγµ) +H3(q2)(v′µγν − v′νγµ) +
H4(q
2)(vµv′ν − vνv′µ). (16)
The Fi, Gi, and Hi are the form factors of interest, and these are functions of the square of the four-momentum
transfer q2 = (pΛb − pΛ)2 between the initial and final baryons. Since
σµνγ5 =
i
2
εµναβσαβ , (17)
the matrix elements involving the current siσµνγ5b can be related to those involving siσ
µνb.
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Similarly, the matrix elements for decays to daughter baryons with JP = 3/2− are given by
〈Λ | sγµb | Λb〉 = uα(pΛ, sΛ)
[
vα
(
F1γ
µ + F2v
µ + F3v
′µ
)
+
F4g
αµ
]
u(pΛb , sΛb),
(18)
〈Λ | sγµγ5b | Λb〉 = uα(pΛ, sΛ)
[
vα
(
G1γ
µ +G2v
µ +G3v
′µ
)
+
G4g
αµ
]
γ5u(pΛb , sΛb),
(19)
〈Λ | siσµνb | Λb〉 = uα(pΛ, sΛ)T αµνu(pΛb , sΛb), (20)
where
T αµν = vα
[
H1iσ
µν +H2(v
µγν − vνγµ) +H3(v′µγν − v′νγµ) +
H4(v
µv′ν − vνv′µ)
]
+H5(g
αµγν − gανγµ) +H6(gαµvν − gανvµ). (21)
For decays to JP = 5/2+, the matrix elements are
〈Λ | sγµb | Λb〉 = uαβ(pΛ, sΛ)vα
[
vβ
(
F1γ
µ + F2v
µ + F3v
′µ
)
+
F4g
βµ
]
u(pΛb , sΛb),
(22)
〈Λ | sγµγ5b | Λb〉 = uαβ(pΛ, sΛ)vα
[
vβ
(
G1γ
µ +G2v
µ +G3v
′µ
)
+
G4g
βµ
]
γ5u(pΛb , sΛb),
(23)
〈Λ | siσµνb | Λb〉 = uαβ(pΛ, sΛ)T αβµνu(pΛb , sΛb), (24)
where
T αβµν = vα
{
vβ
[
H1iσ
µν +H2 (v
µγν − vνγµ) +H3(v′µγν − v′νγµ) +
H4(v
µv′ν − vνv′µ)
]
+H5(g
βµγν − gβνγµ) +H6(gβµvν − gβνvµ)
}
. (25)
Thus far, only the matrix elements involving spinors with natural parity, i.e. spinors with parity (−1)J−1/2, have
been presented. The equations involving spinors with unnatural parity can be found by inserting γ5 to the left of the
parent baryon spinor in the equations for natural parity.
The matrix elements for the tensor currents can be written in a more convenient form. If Eq. 15 is contracted on
both sides with the four-momentum transfer qν , use of the equations of motion leads to
〈Λ | siσµνqνb | Λb〉 = u(pΛ, sΛ)
[
FT1 (q
2)γµ + FT2 (q
2)vµ + FT3 (q
2)v′µ
]
u(pΛb , sΛb), (26)
where,
FT1 = − (mΛb +mΛ)H1 − (mΛb −mΛv · v′)H2 − (mΛbv · v′ −mΛ)H3,
FT2 = mΛbH1 + (mΛb −mΛ)H2 + (mΛbv · v′ −mΛ)H4,
FT3 = mΛH1 + (mΛb −mΛ)H3 − (mΛb −mΛv · v′)H4, (27)
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valid for states with JP = 1/2+. For the axial tensor, a similar procedure leads to
〈Λ | siσµνγ5qνb | Λb〉 = u(pΛ, sΛ)
[
GT1 (q
2)γµ +GT2 (q
2)vµ +GT3 (q
2)v′µ
]
γ5u(pΛb , sΛb), (28)
with
GT1 = (mΛb −mΛ)H1 −mΛ(1− v · v′)H2 −mΛb(1 − v · v′)H3,
GT2 = mΛbH1 −mΛH2 −mΛbH3,
GT3 = mΛH1 +mΛH2 +mΛbH3. (29)
Similarly, for transitions to states with JP = 1/2−, the matrix elements for the tensor and axial tensor currents
become
〈Λ | siσµνqνb | Λb〉 = u(pΛ, sΛ)
[
FT1 (q
2)γµ + FT2 (q
2)vµ + FT3 (q
2)v′µ
]
γ5u(pΛb , sΛb),
(30)
〈Λ | siσµνγ5qνb | Λb〉 = u(pΛ, sΛ)
[
GT1 (q
2)γµ +GT2 (q
2)vµ +GT3 (q
2)v′µ
]
u(pΛb , sΛb),
(31)
respectively, where
FT1 = (mΛb −mΛ)H1 − (mΛb −mΛv · v′)H2 − (mΛbv · v′ −mΛ)H3,
FT2 = mΛbH1 − (mΛb +mΛ)H2 + (mΛbv · v′ −mΛ)H4,
FT3 = mΛH1 − (mΛb +mΛ)H3 − (mΛb −mΛv · v′)H4, (32)
and
GT1 = − (mΛb +mΛ)H1 +mΛ(1 + v · v′)H2 +mΛb(1 + v · v′)H3,
GT2 = mΛbH1 −mΛH2 −mΛbH3,
GT3 = mΛH1 −mΛH2 −mΛbH3. (33)
For transitions to states with JP = 3/2−, we obtain
〈Λ(pΛ) | siσµνqνb | Λb(pΛb)〉 = uα(pΛ, sΛ)
[
vα
(
FT1 γ
µ + FT2 v
µ + FT3 v
′µ
)
+
FT4 g
αµ
]
u(pΛb , sΛb), (34)
〈Λ(pΛ) | siσµνγ5qνb | Λb(pΛb)〉 = uα(pΛ, sΛ)
[
vα
(
GT1 γ
µ +GT2 v
µ +GT3 v
′µ
)
+
GT4 g
αµ
]
γ5u(pΛb , sΛb), (35)
while for transitions to states with JP = 5/2+, we have
〈Λ(pΛ) | siσµνqνb | Λb(pΛb)〉 = uαβ(pΛ, sΛ)vα
[
vβ
(
FT1 γ
µ + FT2 v
µ + FT3 v
′µ
)
+
FT4 g
βµ
]
u(pΛb , sΛb), (36)
〈Λ(pΛ) | siσµνγ5qνb | Λb(pΛb)〉 = uαβ(pΛ, sΛ)vα
[
vβ
(
GT1 γ
µ +GT2 v
µ +GT3 v
′µ
)
+
GT4 g
βµ
]
γ5u(pΛb , sΛb), (37)
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where FTi and G
T
i are given by
FT1 = − (mΛb +mΛ)H1 − (mΛb −mΛv · v′)H2 − (mΛbv · v′ −mΛ)H3 −mΛbH5,
FT2 = mΛbH1 + (mΛb −mΛ)H2 + (mΛbv · v′ −mΛ)H4 −mΛbH6,
FT3 = mΛH1 + (mΛb −mΛ)H3 − (mΛb −mΛv · v′)H4,
FT4 = (mΛb −mΛ)H5 + (mΛb −mΛv · v′)H6,
GT1 = (mΛb −mΛ)H1 −mΛ(1− v · v′)H2 −mΛb(1− v · v′)H3 +mΛbH5 +mΛH6,
GT2 = mΛbH1 −mΛH2 −mΛbH3,
GT3 = mΛH1 +mΛH2 +mΛbH3 −mΛH6,
GT4 = (mΛb +mΛ)H5 +mΛ(1 + v · v′)H6. (38)
For JP = 3/2+, a state with unnatural parity, we have
〈Λ(pΛ) | siσµνqνb | Λb(pΛb)〉 = uα(pΛ, sΛ)
[
vα
(
FT1 γ
µ + FT2 v
µ + FT3 v
′µ
)
+
FT4 g
αµ
]
γ5u(pΛb , sΛb), (39)
〈Λ(pΛ) | siσµνγ5qνb | Λb(pΛb)〉 = uα(pΛ, sΛ)
[
vα
(
GT1 γ
µ +GT2 v
µ +GT3 v
′µ
)
+
GT4 g
αµ
]
u(pΛb , sΛb), (40)
with
FT1 = (mΛb −mΛ)H1 − (mΛb −mΛv · v′)H2 − (mΛbv · v′ −mΛ)H3 −mΛbH5,
FT2 = mΛbH1 − (mΛb +mΛ)H2 + (mΛbv · v′ −mΛ)H4 −mΛbH6,
FT3 = mΛH1 − (mΛb +mΛ)H3 − (mΛb −mΛv · v′)H4,
FT4 = − (mΛb +mΛ)H5 + (mΛb −mΛv · v′)H6,
GT1 = − (mΛb +mΛ)H1 +mΛ(1 + v · v′)H2 +mΛb(1 + v · v′)H3 +mΛbH5 +mΛH6,
GT2 = mΛbH1 −mΛH2 −mΛbH3,
GT3 = mΛH1 −mΛH2 −mΛbH3 −mΛH6,
GT4 = − (mΛb −mΛ)H5 −mΛ(1 − v · v′)H6. (41)
We can now use these redefined tensor form factors to write Eqs. 2 and 3 in a simplified form.
For transitions to states with J = 1/2, these two equations become
Hµ1 = u(pΛ, sΛ)
[
γµ
(
A1 +B1γ5
)
+ vµ
(
A2 +B2γ5
)
+ v′µ
(
A3 +B3γ5
)]
u(pΛb , sΛb),
(42)
Hµ2 = u(pΛ, sΛ)
[
γµ
(
D1 + E1γ5
)
+ vµ
(
D2 + E2γ5
)
+ v′µ
(
D3 + E3γ5
)]
u(pΛb , sΛb).
(43)
For transitions to states with J = 3/2,
Hµ1 = uα(pΛ, sΛ)
[
vα
(
γµ
(
A1 +B1γ5
)
+ vµ
(
A2 +B2γ5
)
+ v′µ
(
A3 +B3γ5
))
+gαµ
(
A4 +B4γ5
)]
u(pΛb , sΛb), (44)
Hµ2 = uα(pΛ, sΛ)
[
vα
(
γµ
(
D1 + E1γ5
)
+ vµ
(
D2 + E2γ5
)
+ v′µ
(
D3 + E3γ5
))
+gαµ
(
D4 + E4γ5
)]
u(pΛb , sΛb), (45)
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pΛb = (EΛb, ~ph)
pΛ = (EΛ, ~ph)
p
−
= (Eℓ, ~pℓ)
p+ = (Eℓ,−~pℓ)
θ
FIG. 1: Kinematics of the dilepton rest frame.
while for those with J = 5/2,
Hµ1 = uαβ(pΛ, sΛ)v
α
[
vβ
(
γµ
(
A1 +B1γ5
)
+ vµ
(
A2 +B2γ5
)
+ v′µ
(
A3 +B3γ5
))
+gβµ
(
A4 + B4γ5
)]
u(pΛb , sΛb), (46)
Hµ2 = uαβ(pΛ, sΛ)v
α
[
vβ
(
γµ
(
D1 + E1γ5
)
+ vµ
(
D2 + E2γ5
)
+ v′µ
(
D3 + E3γ5
))
+gβµ
(
D4 + E4γ5
)]
u(pΛb , sΛb). (47)
For states with natural parity spinors,
Ai = −2mb
q2
C7F
T
i + C9Fi,
Bi = −2mb
q2
C7G
T
i − C9Gi,
Di = C10Fi, Ei = −C10Gi, (48)
and for states with unnatural parity,
Ai = −2mb
q2
C7G
T
i − C9Gi,
Bi = −2mb
q2
C7F
T
i + C9Fi,
Di = −C10Gi, Ei = C10Fi. (49)
B. Decays Rates and Forward-Backward Asymmetries
The decay rate is given by
dΓ =
1
2mΛb
∏
f
d3pf
(2π)3
1
2Ef
 (2π)4δ(4)
pΛb −∑
f
pf
 |M|2. (50)
For the case of unpolarized baryons, |M|2 is the squared amplitude averaged over the initial polarization and summed
over the final polarizations.
For dileptonic decays, the squared average amplitude is
|M|2 = G
2
Fα
2
em
24π2
|VtbV ∗ts|2 (Hµνa Laµν +Hµνb Lbµν +Hµνc Lcµν +Hµνd Ldµν) . (51)
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For unpolarized leptons, the leptonic tensors are
Laµν =
∑
spin
L(V )†µ L
(V )
ν = 4
[
p+µp−ν + p+νp−µ − (p− · p+ +m2ℓ)gµν
]
, (52)
Lbµν =
∑
spin
L(A)†µ L
(A)
ν = 4
[
p+µp−ν + p+νp−µ − (p− · p+ −m2ℓ)gµν
]
, (53)
Lcµν =
∑
spin
L(V )†µ L
(A)
ν = 4iεµναβp
α
−p
β
+, (54)
Ldµν =
∑
spin
L(A)†µ L
(V )
ν = 4iεµναβp
α
−p
β
+. (55)
The hadronic tensors Hµνf are
Hµνa =
∑
pol
Hµ†1 H
ν
1 , H
µν
b =
∑
pol
Hµ†2 H
ν
2 , (56)
Hµνc =
∑
pol
Hµ†1 H
ν
2 , H
µν
d =
∑
pol
Hµ†2 H
ν
1 . (57)
The most general Lorentz structure for each of these hadronic tensors is
Hµνf = −αfgµν + βf++QµQν + βf+−Qµqν + βf−+qµQν + βf−−qµqν + iγfεµναβQαqβ , (58)
where Q ≡ pΛb + pΛ and q = pΛb − pΛ is the 4-momentum transfer.
We carry out our calculations in the dilepton rest frame (see Fig. 1). In this frame
EΛb =
mΛb
2
√
sˆ
(1− r + sˆ), EΛ = mΛb
2
√
sˆ
(1− r − sˆ),
ph =
mΛb
2
√
φ(sˆ)
sˆ
, Eℓ =
mΛb
2
√
sˆ, pℓ =
mΛb
2
√
sˆψ(sˆ).
ph is the 3-momentum of either baryon in this frame. In addition, we have defined
sˆ ≡ q2/m2Λb , r ≡ m2Λ/m2Λb , mˆℓ ≡ mℓ/mΛb ,
φ(sˆ) = (1− r)2 − 2(1 + r)sˆ+ sˆ2, ψ(sˆ) = 1− 4mˆ2ℓ/sˆ.
Performing the contractions, the differential decay rate becomes
d2Γ
dsˆdzˆ
=
mΛbG
2
Fα
2
em
213π5
|VtbV ∗ts|2
√
φ(sˆ)ψ(sˆ)F0(sˆ, zˆ), (59)
where zˆ = cos θ. In these decays, 4mˆ2ℓ ≤ sˆ ≤ (1−
√
r)2 and −1 ≤ zˆ ≤ 1. The normalized rate F0(sˆ, zˆ) has the form
F0(sˆ, zˆ) = I0(sˆ) + zˆI1(sˆ) + zˆ2I2(sˆ), (60)
where
I0(sˆ) = αaAα + βa++A++ + αbBα + βb++B++ + βb+−B+− + βb−+B−+ + βb−−B−−, (61)
and
Aα = 4m
2
Λb(2mˆ
2
ℓ + sˆ), A++ = 2m
4
Λbφ(sˆ),
Bα = 4m
2
Λb
(sˆ− 6mˆℓ), B++ = 2m4Λb
(
φ(sˆ) + 4mˆ2ℓ (2(1 + r)− sˆ)
)
,
B+− = B−+ = 8m4Λbmˆ
2
ℓ(1 − r), B−− = 8m4Λbmˆ2ℓ sˆ. (62)
The terms proportional to zˆ and zˆ2 are
I1(sˆ) = 4m4Λb sˆ
√
φ(sˆ)ψ(sˆ)(γc + γd), (63)
I2(sˆ) = −2m4Λbφ(sˆ)ψ(sˆ)(βa++ + βb++), (64)
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respectively. Integrating out the zˆ dependence from Eq. 59, the decay rate becomes
dΓ
dsˆ
=
mΛbG
2
Fα
2
em
212π5
|VtbV ∗ts|2
√
φ(sˆ)ψ(sˆ)R0(s), (65)
where
R0(sˆ) = I0(sˆ) + 1
3
I2(sˆ). (66)
The functions I0 and I2 are given in Eqs. 61 and 64, respectively. The explicit forms of the coefficients α, β±±, and
γ are given in C.
The forward-backward asymmetry (FBA) is defined as
AFB(sˆ) = 1
dΓ/dsˆ
[∫ 1
0
dzˆ
d2Γ
dsˆdzˆ
−
∫ 0
−1
dzˆ
d2Γ
dsˆdzˆ
]
. (67)
Using Eqs. 59 and 60, we obtain
AFB(sˆ) = I1(sˆ)
2
[I0(sˆ) + 13I2(sˆ)] , (68)
where I1 is given in Eq. 63. Since this observable is written as a ratio, it might be expected to be less dependent on
the form factors than the differential decay rate. HQET considerations may make it even less model-dependent [57],
so that it may provide a (somewhat) model-independent way of extracting the Wilson coefficients. Since AFB also
depends on the chirality of the hadronic and leptonic currents, this observable is also sensitive to any new physics
effects beyond the Standard Model.
III. HQET
Heavy quark effective theory (HQET) is an effective tool for examining the phenomenology of hadrons containing
a single heavy quark. It has been applied to hadronic matrix elements in many processes at higher and higher order
in the 1/mQ expansion, with mQ being the mass of the heavy quark. In this section we present the leading-order
relationships among the HQET form factors and those presented in Section IIA for the heavy to light transitions
Λb → Λ(∗). The properties of the spinor-tensors that are used to represent the daughter baryons have been discussed
near the start of section II A.
To leading order in HQET, transitions between a heavy baryon and a light one are described in terms of only two
form factors. For any current operator Γ, the hadronic matrix elements involving tensor states can be written as [86]
〈Λ(∗)(pΛ(∗)) | sΓb | Λb(v)〉 = uµ1...µn(pΛ(∗))Mµ1...µnΓu(v) (69)
where v is the velocity of the Λb baryon and M
µ1...µn is the most general tensor consistent with HQET that can be
constructed from the available kinematic variables. We may not use any factors of γµi , pµi
Λ(∗)
, or gµiµj in constructing
Mµ1...µn ; therefore, it must take the form
Mµ1...µn = vµ1 . . . vµn
[
ξ
(n)
1 (v · pΛ(∗)) + v/ξ(n)2 (v · pΛ(∗))
]
, (70)
For the case of a pseudo-tensor daughter baryon, the matrix element has the same form as Eq. 69 except thatMµ1...µn
is now a pseudo-tensor. A pseudo-tensor when sandwiched between spinors can be constructed by multiplying an
ordinary tensor by γ5; thus, for transitions involving a pseudo-tensor spinor,
Mµ1...µn = vµ1 . . . vµn
[
ζ
(n)
1 (v · pΛ(∗)) + v/ζ(n)2 (v · pΛ(∗))
]
γ5. (71)
Using these forms of the matrix elements, the form factors defined in Section IIA are found to satisfy the following
relations in the limit when the b quark is infinitely heavy.
For any state with JP = 1/2+,
F3 = G3 = H3 = H4 = 0, F2 = G2 = −H2 = 2ξ(0)2 ,
F1 = ξ
(0)
1 − ξ(0)2 , G1 = H1 = ξ(0)1 + ξ(0)2 , (72)
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while for JP = 1/2−, we have
F3 = G3 = H3 = H4 = 0, F2 = G2 = H2 = −2ζ(0)2 ,
F1 = −
[
ζ
(0)
1 + ζ
(0)
2
]
, G1 = −H1 = −
[
ζ
(0)
1 − ζ(0)2
]
. (73)
For JP = 3/2−,
F3 = G3 = H3 = F4 = G4 = H4 = H5 = H6 = 0, F2 = G2 = −H2 = 2ξ(1)2 ,
F1 = ξ
(1)
1 − ξ(1)2 , G1 = H1 = ξ(1)1 + ξ(1)2 . (74)
For JP = 3/2+,
F3 = G3 = H3 = F4 = G4 = H4 = H5 = H6 = 0, F2 = G2 = H2 = −2ζ(1)2 ,
F1 = −
[
ζ
(1)
1 + ζ
(1)
2
]
, G1 = −H1 = −
[
ζ
(1)
1 − ζ(1)2
]
. (75)
For JP = 5/2+,
F3 = G3 = H3 = F4 = G4 = H4 = H5 = H6 = 0, F2 = G2 = −H2 = 2ξ(2)2 ,
F1 = ξ
(2)
1 − ξ(2)2 , G1 = H1 = ξ(2)1 + ξ(2)2 . (76)
Again, we stress that the above relationships are for heavy to light transitions only, and are valid in the limit of an
infinitely heavy b quark.
IV. THE MODEL
A. Quark Model
In the models considered here, a baryon state takes the form
| Bq(~pBq , s)〉 = 3−3/4
√
2EBq
∫
d3pρd
3pλC
A
∑
s1,s2,sq
χJss1,s2,sq (~pρ, ~pλ)
× | [q1(~p1, s1)q2(~p2, s2)q(~p, sq)]Bq 〉, (77)
where ~pρ =
1√
2
(~p1− ~p2), ~pλ = 1√6 (~p1+ ~p2−2~p) are the Jacobi momenta, CA is the antisymmetric color wave function,
J is the total angular momentum, EBq is the energy of the baryon Bq, and the notation [q1q2q]Bq denotes the flavor
wave function of the baryon Bq. For example, the flavor wave function for Λq has the form
[udq]Λq =
1√
2
(ud− du)q, (78)
which is antisymmetric in the quarks u and d. When coupled with the appropriate Clebsch-Gordan coefficients, the
ket | [. . .]Bq 〉 becomes the flavor-spin wave function for the baryon Bq. χ is the momentum space wave function, and
is given by
χJMJM1M2M3(~pρ, ~pλ) =
∑
i
η
Bq
i C
SDi MD
1
2M1
1
2M2
CSiMS
SDi MD
1
2M3
CJMJLiMLSiMSψLiML(nρlρnλlλ)i(~pρ, ~pλ), (79)
where SDi is the total spin of the pair of spectator quarks, MD is its projection, Si is the total spin of the quarks in
the baryon, and MS is its projection. In addition,
ψLMLnρlρnλlλ(~pρ, ~pλ) =
∑
mρmλ
CLMLlρmρlλmλφnρlρmρ(αρ; ~pρ)φnλlλmλ(αλ; ~pλ). (80)
The η
Bq
i are expansion coefficients that are determined by a diagonalization of a quark model Hamiltonian and
the Cjmj1m1j2m2 are Clebsch-Gordan coefficients. The combination of momentum, spin and flavor wave functions is
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symmetric. The functions φnlm(α; ~p) are the basis functions. The basis used in this work is the harmonic oscillator
basis,
φnlm(α; ~p) = exp
(−p2/2α2)Ll+1/2n (p2/α2)Ylm(~p), (81)
where α is the length parameter, which is determined by a minimization of the quark model Hamiltonian,
Ll+1/2n
(
p2/α2
)
= Nnl(α)L
l+1/2
n
(
p2/α2
)
, Nnl(α) =
(i)l(−1)n
αl+3/2
[
2Γ(n+ 1)
Γ(n+ l+ 3/2)
]1/2
, (82)
Lkn are the associated Laguerre polynomials and Ylm are the solid harmonics.
The states described by Eqs. 77-81 are obtained from a variational diagonalization of a quark model Hamiltonian.
The Hamiltonian used in this model takes the form [87]
H =
∑
i
Ki +
∑
i<j
(
Vˆ cij + Vˆ
hyp
ij
)
+ Vˆ SO + Cqqq . (83)
Ki is the nonrelativistic kinetic energy of the ith quark,
Ki = mi +
~p2i
2mi
. (84)
The spin-independent part of the potential has the linear-plus-Coulomb terms,
V cij =
1
2
brij − 2
3
αcoul
rij
, (85)
where rij = |~ri − ~rj |. The spin-dependent parts describe the hyperfine and spin-orbit interactions. The hyperfine
piece, which contains contact and tensor terms, is written as
V hypij =
2
3
1
mimj
{
8π
3
αcon~Si · ~Sjδ(3)(~rij) + αtens
r3ij
[
3(~Si · ~rij)(~Sj · ~rij)
r2ij
− ~Si · ~Sj
]}
,
(86)
and the ad-hoc spin-orbit potential is chosen to be
V SO =
αSO
m˜2Bq (ρ
2 + λ2)
~L · ~S. (87)
Here m˜Bq is the sum of the masses of the three quarks that make up the baryon Bq, ~ρ and
~λ are Jacobi coordinates
conjugate to ~pρ and ~pλ, respectively, ~L is the total orbital angular momentum, and ~S is the total spin of the baryon.
The parameters Cqqq , b, αcoul, αcon, αtens, αSO, and mi are obtained from a fit to the experimental spectrum of
baryon states.
B. Form Factors
In order to extract the form factors, we need to calculate matrix elements that take the form
〈Λ(~pΛ, s′)|s¯Γb|Λb(0, s)〉 = 3−3/2
√
2EΛ
√
2mΛb
∫
d3p′ρd
3p′λd
3pρd
3pλC
A∗CA
×
∑
s′1s
′
2sq′
∑
s1s2sq
χJ
′s′∗
s′1s
′
2sq′
(~p′ρ, ~p
′
λ)
×〈q′1q′2s | sΓb | q1q2b〉χJss1s2sq (~pρ, ~pλ) (88)
where
〈q′1q′2s | sΓb | q1q2b〉 = 〈q′1q′2 | q1q2〉〈s | sΓb | b〉.
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The matrix element 〈q′1q′2 | q1q2〉 gives δ-functions in spin, momentum and flavor in the spectator approximation.
We calculate the matrix elements of Eq. 88 using two approximations. In the first approximation, we use the
method outlined by Pervin et al. in [84, 85]. The form factors are extracted by performing a nonrelativistic reduction
of the quark spinors, keeping terms up to O(1/mq). The hadronic matrix elements are then calculated analytically
by using single component wave functions. The matrix elements calculated using the quark model wave functions are
then used to extract the form factors defined in Section IIA. Due to the choice of basis, the resulting form factors
have the general form of a polynomial times a Gaussian. Once the form factors have been extracted, the polynomials
are truncated to the zeroth order in the daughter baryon momentum pΛ. In fact, although the analytic expressions
for the form factors shown in [84, 85] were shown for single-component wave functions, the results for the decay rates
shown in those articles were calculated using all components of the wave functions.
In the second method we use the full multi-component wave functions found from the diagonalization of Eq. 83.
We also keep the full relativistic form of the quark spinors. Although giving a full analytic treatment of the hadronic
matrix elements becomes challenging in this case, much of the calculation can still be done analytically and only a
couple of the integrations need to be performed numerically. The advantage of this approach is that it avoids the
truncation of the quark currents which may be justified for the b quark but which is much less justifiable for the s
quark. We will compare the results from the two models with the expectations of HQET.
We work in the Λb rest frame where the initial quark momenta can be written in terms of the Jacobi momenta as
~p1 =
1√
2
~pρ +
1√
6
~pλ, ~p2 = − 1√
2
~pρ +
1√
6
~pλ, ~p = −
√
2
3
~pλ. (89)
Implementing the spectator approximation and integrating over the final Jacobi momenta together lead to
〈Λ | sΓb | Λb〉 =
∑
h′,h
aΛ
∗
h′ a
Λb
h δs′1s1δs′2s2(−1)lλ′+lλ
×Unρ′ lρ′mρ′nρlρmρ (αρ, αρ′)W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′), (90)
where the coefficients ah(h′) are the products of the normalization of the baryon state (the
√
2EBq of Eq. 77), the
expansion coefficients (the η
Bq
i of Eq. 79), and the various Clebsch-Gordan coefficients that appear in the parent
(daughter) baryon wave function, and the indices h(h′) contain all the relevant quantum numbers being summed over
for the parent (daughter) baryon state. U
nρ′ lρ′mρ′
nρlρmρ
is the spectator overlap,
U
nρ′ lρ′mρ′
nρlρmρ
(αρ, αρ′) =
∫
d3pρφ
∗
nρ′ lρ′mρ′
(αρ′ ; ~pρ)φnρlρmρ(αρ; ~pρ). (91)
This integral can be done analytically and is given in A. W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
is the interaction overlap,
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) =
∫
d3pφ∗nλ′ lλ′mλ′ (β
′;
2mq
m˜Λ
~pΛ + ~p)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉φnλlλmλ(β; ~p), (92)
where β(′) =
√
2/3α
(′)
λ is the reduced length parameter for the parent (daughter) baryon, m˜Λ = ms + 2mq, ms is the
mass of the strange quark and mq is the mass of each light quark. Using the basis functions in Eq. 81, we obtain
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) =
∫
d3p exp
(
− p
′2
2β′2
− p
2
2β2
)
Llλ′+
1
2∗
nλ′
(
p′2
β′2
)
Y∗lλ′mλ′ (~p′)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉Llλ+
1
2
nλ
(
p2
β2
)
Ylλmλ(~p),
where ~p′ = (2mq/m˜Λ)~pΛ + ~p. The angular dependence in the exponential is eliminated by making the substitutions
~p = ~k + c~pΛ, ~p
′ = ~k + c′~pΛ, (93)
where
c = − mqα
2
λ
m˜Λα2λλ′
, c′ =
mqα
2
λ′
m˜Λα2λλ′
, (94)
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and αλλ′ =
√
(α2λ + α
2
λ′)/2. This leads to
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) = exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)∫
d3ke−κ
2
λk
2Llλ′+
1
2∗
nλ′
(
p′2
β′2
)
Y∗lλ′mλ′ (~p′)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉Llλ+
1
2
nλ
(
p2
β2
)
Ylλmλ(~p), (95)
where κλ = αλλ′/αλ′αλ. The major difference between the two approaches to extracting the form factors is the way
in which Eq. 95 is handled.
1. SCA model
As an example of how the matrix elements are computed in the SCA approximation, we examine the ground
state-to-ground state transition. Using single component wave functions, the spectator overlap is
U000000 (αρ, αρ′) =
(
αραρ′
α2ρρ′
)3/2
, (96)
where αρρ′ =
√
(α2ρ + α
2
ρ′)/2. The interaction overlap, Eq. 95, becomes
W
000sq′
Γ;000sq
(αλ, αλ′) =
1
(πβ′β)3/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
×
∫
d3ke−κ
2
λk
2〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉. (97)
In this approximation, a nonrelativistic expansion of the spinors in the quark current 〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉
is carried out. For the resulting matrix element, only terms up to O( 1mbms ) are kept. For example, the current〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 is reduced to the form
〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 = − 1
mbms
[√
2π
3
(pΛ)+Y11(~p) +
√
4π
15
Y22(~p)
]
, (98)
where
γ+ = − 1√
2
(γ1 + iγ2) , (pΛ)+ = − 1√
2
((pΛ)1 + i(pΛ)2) . (99)
The Ylm(~p) can be written in terms of Ylm(~k) by use of an addition theorem. A quark current will thus have the
general form
〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 =
2∑
ℓ=0
ℓ∑
mℓ=−ℓ
(
a
sq′ sq
Γ;ℓmℓ
+ b
sq′sq
Γ;ℓmℓ
p2
)
Yℓmℓ(~k), (100)
where aΓ;ℓmℓ and bΓ;ℓmℓ depend on mb, ms, and ~pΛ; these coefficients are truncated at O( 1mbms ). From Eq. 93,
p2 = c2p2Λ + 2c~pΛ · ~k + k2. The dot product is proportional to
∑
(−1)mY1−m(c~pΛ)Y1m(~k). Thus, the integrals in Eq.
97 have the basic form of an integral over a product of spherical harmonics times an integral of a Gaussian times a
polynomial, both of which can be performed analytically.
The form factors for the vector and axial vector currents have the same forms as those published in [84]. For the
tensor currents, the form factors we obtain are given in B.
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2. MCN model
In the MCN model, we keep both the full quark model wave function and the full relativistic form of the quark
spinors. We therefore need a more general treatment of the interaction overlap, which is written as (see A)
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) = exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
×
∑
λ′µλ′
∑
λµλ
B
λ′µλ′∗
lλ′mλ′
(c′~pΛ)B
λµλ
lλmλ
(c~pΛ)J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ),
(101)
where the coefficients Bλµλlm are given in Eq. A8 and
J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ) =
∫
d3ke−κ
2
λk
2Llλ′+
1
2∗
nλ′
(
p′2
β′2
)
Y∗λ′µλ′ (~k)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉Llλ+
1
2
nλ
(
p2
β2
)
Yλµλ (~k).
(102)
The full relativistic form of Eq. 98 is
〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 = −
√
8π
3 (pΛ)+Y11(~p) +
√
16π
15 Y22(~p)√
Eb
√
Es
√
Eb +mb
√
Es +ms
, (103)
where Eb(Es) is the relativistic energy of the b(s) quark. Thus, the current 〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 can still be
written as a linear combination of solid harmonics with maximum ℓ = 2. However, the coefficients of this expansion
no longer take as simple a form as in Eq. 100. The most general form of the quark current is
〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 =
2∑
ℓ=0
ℓ∑
mℓ=−ℓ
ξ
sq′ sq
Γ;ℓmℓ
(~k, ~pΛ)Yℓmℓ(~k). (104)
The coefficients ξΓ contain terms of the type k
NE
±1/2
b (Eb +mb)
±1/2E±1/2s (Es +ms)±1/2, where N is a nonnegative
integer. Both Eb and Es are functions of ~pΛ · ~k, which complicates a full analytic treatment of the matrix elements.
The normalized Laguerre polynomials in Eq. 102 are also functions of ~pΛ · ~k. The coefficients ξ and the normalized
Laguerre polynomials can be expanded in terms of spherical harmonics so that the momentum and angular integrals
can be performed separately, with the angular term being done analytically and the momentum integrals being treated
numerically. The details of this semianalytic treatment of the matrix elements are given in A.
V. RESULTS
A. Form Factors
The parameters for the quark model wave functions used in this work are taken from [87] and are given in Tables
I and II. For ease of use, all of the form factors calculated using the MCN model are parametrized to have the form
F (sˆ) = (a0 + a2p
2
Λ + a4p
4
Λ) exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
, pΛ =
mΛb
2
√
φ(sˆ), (105)
where pΛ is the daughter baryon momentum in the Λb rest frame. The parameters a0, a2 and a4 for the vector and
axial vector form factors are given in Table III. The corresponding parameters for the tensor form factors are given
in Table IV. We have also tried a parametrization that included a term in p6Λ, but the coefficient of that term was
significantly smaller than the coefficient of the p4Λ term for all form factors.
Figure 2 shows a comparison of the vector form factors obtained using the two models for transitions to the ground
state (Fig. 2(a)), the first radial excitation (Fig. 2(b)), the Λ(1405) (Fig. 2(c)) and the Λ(1820) (Fig. 2(d)). In the
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TABLE I: Hamiltonian parameters obtained from a fit to a selection of known baryons.
mq ms mc mb b αcoul αcon αSO αtens Cqqq
(GeV) (GeV) (GeV) (GeV) (GeV2) (GeV) (GeV)
0.2848 0.5553 1.8182 5.2019 0.1540 ≈ 0.0 1.0844 0.9321 −0.2230 −1.4204
TABLE II: Baryon masses and wave function size parameters, αρ and αλ, for states with different J
P . All values are in GeV.
State, JP Experiment Model αλ αρ
Λb(5620) 1/2
+ 5.62 5.61 0.443 0.385
Λ(1115) 1/2+ 1.12 1.10 0.387 0.372
Λ(1600) 1/2+ 1.60 1.71 0.387 0.372
Λ(1405) 1/2− 1.41 1.48 0.333 0.320
Λ(1520) 3/2− 1.52 1.53 0.333 0.308
Λ(1890) 3/2+ 1.89 1.81 0.325 0.303
Λ(1820) 5/2+ 1.82 1.81 0.325 0.303
SCA model, all of the kinematic dependence of the form factors takes the form of a Gaussian in the momentum of
the daughter baryon, calculated in the rest frame of the parent. Thus, all of the SCA form factors have magnitudes
that monotonically increase as sˆ is increased. In contrast with this, form factors obtained in the MCN have additional
dependence on the momentum of the daughter baryon, as parametrized in Eq. 105. Depending on the relative sizes
of a0 and a2 in this expression, the shapes of the MCN form factors can be quite different from those obtained in the
SCA model. The most striking differences occur for the transitions to the radially excited state, shown in Fig. 2(b).
For all transitions examined, F3 (and F4, where appropriate) is very small in both models, consistent with the
expectations of HQET. For states with natural parity, F1 is the largest form factor, while for states with unnatural
parity, F2 is largest. Among the axial form factors, G1 and G2 are the largest, independent of the transition considered,
and G3 and G4 (where appropriate) are again much smaller. This can be seen by examining the coefficients given
in Table III. The SCA form factors all follow a similar trend. Among the tensor form factors, H1 and H2 are the
largest, with the other form factors all being significantly smaller, in both models, for all transitions considered.
TABLE III: Coefficients in the parametrization of the vector and axial-vector form factors obtained in the MCN approach.
an(GeV
−n) F1 F2 F3 F4 G1 G2 G3 G4
a0 1.21 −0.202 −0.0615 − 0.927 −0.236 0.0756 −
Λb → Λ(1115) a2 0.319 −0.219 0.00102 − 0.104 −0.233 0.0195 −
a4 −0.0177 0.0103 −0.00139 − −0.00553 0.0110 −0.00115 −
a0 0.467 −0.381 0.0501 − 0.114 −0.394 −0.0433 −
Λb → Λ(1600) a2 0.615 −0.281 −0.0295 − 0.300 −0.307 0.0478 −
a4 0.0568 −0.0399 −0.00163 − 0.0206 −0.0445 0.00566 −
a0 0.246 −0.984 0.118 − 1.15 −0.874 0.00871 −
Λb → Λ(1405) a2 0.238 −0.0257 0.0237 − 0.260 −0.0264 −0.0196 −
a4 0.00976 0.0173 −0.000692 − −0.00303 0.0159 −0.000977 −
a0 −1.66 0.544 0.126 −0.0330 −0.964 0.625 −0.183 0.0530
Λb → Λ(1520) a2 −0.295 0.194 0.00799 −0.00977 −0.100 0.219 −0.0380 0.0161
a4 0.00924 −0.00420 −0.000365 0.00211 0.00264 −0.00508 0.00351 −0.00221
a0 −0.460 1.33 −0.232 0.0485 −1.71 1.14 0.0193 −0.0153
Λb → Λ(1890) a2 −0.271 0.00439 −0.0315 0.0140 −0.284 0.00990 0.0374 −0.00770
a4 −0.0116 −0.0149 0.000345 −0.00218 −0.00146 −0.0134 −0.000343 −0.000236
a0 2.48 −0.952 −0.202 0.0810 1.25 −1.12 0.355 −0.143
Λb → Λ(1820) a2 0.362 −0.238 −0.0119 0.00573 0.122 −0.272 0.0446 −0.0197
a4 −0.00639 0.00224 0.000303 −0.000169 −0.00134 0.00303 −0.00103 0.000440
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TABLE IV: Coefficients in the parametrization of the tensor form factors obtained in the MCN approach.
an(GeV
−n) H1 H2 H3 H4 H5 H6
a0 0.936 0.227 −0.0757 −0.0174 − −
Λb → Λ(1115) a2 0.0722 0.265 −0.0195 −0.00986 − −
a4 −0.00643 −0.0101 0.00116 −0.000524 − −
a0 0.121 0.389 0.0421 0.00676 − −
Λb → Λ(1600) a2 0.313 0.295 −0.0479 −0.0242 − −
a4 0.0101 0.0550 −0.00565 −0.00404 − −
a0 −1.13 −0.872 0.00645 −0.112 − −
Λb → Λ(1405) a2 −0.256 −0.0241 −0.0197 −0.00215 − −
a4 0.00288 0.0158 −0.000965 0.00151 − −
a0 −1.08 −0.507 0.187 0.0772 −0.0517 0.0206
Λb → Λ(1520) a2 −0.0732 −0.246 0.0295 0.0267 −0.0173 0.00679
a4 0.00464 0.00309 −0.00107 −0.00217 0.00259 −0.000220
a0 1.68 1.13 0.0214 0.198 −0.0147 0.0331
Λb → Λ(1890) a2 0.280 0.00710 0.0380 −0.00103 −0.00818 0.00674
a4 0.00154 −0.0134 −0.000450 −0.00155 −0.000234 −0.00239
a0 1.55 0.830 −0.355 −0.160 0.143 −0.0581
Λb → Λ(1820) a2 0.0959 0.298 −0.0446 −0.0327 0.0198 −0.0205
a4 −0.00427 −0.0000926 0.00103 0.000739 −0.000441 0.00221
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FIG. 2: Comparison of vector form factors calculated using the SCA and MCN models. These form factors are for decays to
(a) Λ(1115), JP = 1/2+, (b) Λ(1600), JP = 1/2+1 , (c) Λ(1405), J
P = 1/2−, and (d) Λ(1890), JP = 3/2+.
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FIG. 3: Form Factors for Λb → Λ(1115), J
P = 1/2+ as a function of sˆ = q2/m2Λb . Graphs (a) and (b) show the form factors
obtained using SCA and MCN models, respectively.
1. Comparison with HQET
It is of considerable interest to compare the two sets of form factors we obtain with the expectations of HQET. In
the following paragraphs, we carry out this comparison.
1.1. JP = 1/2+
For decays to daughter baryons with JP = 1/2+, the leading order HQET predictions are shown in Eq. 72. Figures
3(a) and (b) show the form factors for decays to the ground state obtained using both the SCA and MCN models,
respectively. From the figures, we see that both models satisfy the leading order predictions of HQET. In both models,
F2 ≈ G2 through most of the kinematic range. We also note that G1 and H1 are virtually indistinguishable in both
models.
The expressions for the leading order HQET predictions can be inverted to give
ξ
(0)
1 = F1 + F2/2 = G1 −G2/2 = H1 +H2/2,
ξ
(0)
2 = F2/2 = G2/2 = −H2/2.
It is useful to extract the ξi independently from the vector, axial vector and tensor form factors, and compare the
three different forms obtained in this way. Figure 4 shows the three extractions for these form factors from both the
SCA and MCN models for transitions to the ground state. As can be seen, the form factors obtained using the axial
vector and tensor form factors are virtually identical in both models. The set obtained from the vector form factors is
also in very good agreement with the other sets as well. This shows clearly that the form factors obtained from both
the SCA and MCN models satisfy the leading order expectations of HQET. However, the curves for the ξ(0) from
the three extractions should not be expected to be identical, since the expressions for the Fi, Gi and Hi in terms of
universal HQET ‘Isgur-Wise’ type functions will receive corrections due to the finite mass of the b quark. This holds
for all of the angular momentum states we consider.
One HQET expectation is that the form factors for Λb → Λ should be the same as those for Λc → Λ, up to terms
of order 1/mq, where mq is the mass of the heavy quark. At the ‘nonrecoil point’, or at maximum q
2, the CLEO
collaboration has extracted the ratio ξ
(0)
2 /ξ
(0)
1 = −0.25± 0.14± 0.08 [88]. From our analysis, we find that
ξ
V (0)
2 /ξ
V (0)
1 = −0.166(−0.092), ξA(0)2 /ξA(0)1 = −0.193(−0.113),
ξ
T (0)
2 /ξ
T (0)
1 = −0.188(−0.108),
within the SCA (MCN) model, at the nonrecoil point. For both the SCA and MCN models, our values for this ratio
are consistent with the value reported by CLEO. We note here that
∣∣∣ξ(0)2 /ξ(0)1 ∣∣∣ is smaller in the MCN model than in
the SCA model for all three (vector, axial vector, tensor) form factor scenarios.
The HQET form factors for transitions to the first radial excitation obtained from the two models we use are shown
in Figure 5. For each model, the three possible extractions of the ξ
(0′)
i agree with each other reasonably well over the
entire kinematically allowed range. Not surprisingly, the ξ
(0′)
i extracted from the two models are very different.
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FIG. 4: HQET Form Factors for Λb → Λ(1115), J
P = 1/2+ as a function of sˆ = q2/m2Λb . The graphs show the HQET form
factors calculated using the vector, axial vector, and tensor form factors using (a) SCA and (b) MCN models.
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FIG. 5: Same as Fig. 4, but for Λb → Λ(1600), J
P = 1/2+.
The shape of the function ξ
(0′)
1 in the MCN model can be understood by taking the limit in which the strange
quark is also heavy. In that limit, the transitions to states with JP = 1/2+ are described by a single form factor.
Furthermore, for transitions to the ground state, that form factor, the Isgur-Wise function, is normalized to unity at
the nonrecoil point. Since the wave function of the radially excited state must be orthogonal to that of the ground
state, the corresponding Isgur-Wise function for transitions to the radially excited state must vanish at the nonrecoil
point, up to corrections proportional to the inverse of the heavy quark masses. In the SCA model, the truncated
form factors still exhibit the expected behavior of being O(1/mq) near the non-recoil point, but the more precise form
factors of the MCN model show this behavior more clearly.
The ratios ξ
(0′)
2 /ξ
(0′)
1 at zero recoil for this state for the three extractions within the SCA (MCN) model are
ξ
V (0′)
2 /ξ
V (0′)
1 = −0.615(−0.689), ξA(0
′)
2 /ξ
A(0′)
1 = −0.611(−0.633),
ξ
T (0′)
2 /ξ
T (0′)
1 = −0.590(−0.617).
For the three form factor scenarios,
∣∣∣ξ(0′)2 /ξ(0′)1 ∣∣∣ is smaller in the SCA model than in the MCN model.
1.2. JP = 1/2−
For decays to states with JP = 1/2−, the leading-order HQET predictions are shown in Eq. 73. These relations can
be inverted to give
ζ
(0)
1 = −(F1 − F2/2) = −(G1 +G2/2) = H1 −H2/2,
ζ
(0)
2 = −F2/2 = −G2/2 = −H2/2.
Figure 6 shows the three versions of the extracted ζ
(0)
i for transitions to this state, for each model. There is good
agreement among the three sets of form factors in both models. We note here that although ζ
V (0)
1 and ζ
A(0)
1 are
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FIG. 6: Same as Fig. 4, but for Λb → Λ(1405), J
P = 1/2−.
0.00 0.09 0.18 0.27 0.36 0.45 0.54
s
-2.0
-1.5
-1.0
-0.5
0.0
0.5
Fo
rm
 F
ac
to
rs ξ1
V
ξ2
V
ξ1
A
ξ2
A
ξ1
T
ξ2
T
(a)
0.00 0.09 0.18 0.27 0.36 0.45 0.54
s
-2.0
-1.5
-1.0
-0.5
0.0
0.5
Fo
rm
 F
ac
to
rs ξ1
V
ξ2
V
ξ1
A
ξ2
A
ξ1
T
ξ2
T
(b)
FIG. 7: Same as Fig. 4, but for Λb → Λ(1520), J
P = 3/2−.
indistinguishable over the entire kinematic range in the SCA model, they begin to deviate slightly from each other as
they approach zero recoil in the MCN model. In both models, ζ
A(0)
2 and ζ
T (0)
2 are virtually identical. The values for
the ratio ζ2/ζ1 at zero recoil for transitions to this state are
ζ
V (0)
2 /ζ
V (0)
1 = −0.555(−0.667), ζA(0)2 /ζA(0)1 = −0.499(−0.610),
ζ
T (0)
2 /ζ
T (0)
1 = −0.517(−0.626),
within the SCA (MCN) model. From the above, we see that
∣∣∣ζ(0)2 /ζ(0)1 ∣∣∣ is larger in the MCN model for all three
scenarios.
1.3. JP = 3/2−
The leading-order HQET predictions for decays to states with JP = 3/2− are shown Eq. 74. By inverting these
expressions, we find that
ξ
(1)
1 = F1 + F2/2 = G1 −G2/2 = H1 +H2/2,
ξ
(1)
2 = F2/2 = G2/2 = −H2/2.
The three sets of HQET form factors for transitions to this state for each model are shown in Figure 7. The three
extractions agree with each other throughout most of the kinematic range, in both models. For ξ
(1)
2 /ξ
(1)
1 at the
nonrecoil point, we find
ξ
V (1)
2 /ξ
V (1)
1 = −0.139(−0.196), ξA(1)2 /ξA(1)1 = −0.172(−0.245),
ξ
T (1)
2 /ξ
T (1)
1 = −0.111(−0.190).
We see that the magnitude of this ratio is larger in the MCN model for all three form factor scenarios.
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FIG. 8: Same as Fig. 4, but for Λb → Λ(1890), J
P = 3/2+.
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FIG. 9: Same as Fig. 4, but for Λb → Λ(1820), J
P = 5/2+.
1.4. JP = 3/2+
For decays to states with JP = 3/2+, the leading-order HQET predictions are given in Eq. 75. Inverting these
expressions leads to
ζ
(1)
1 = −(F1 − F2/2) = −(G1 +G2/2) = H1 −H2/2,
ζ
(1)
2 = −F2/2 = −G2/2 = −H2/2.
Figure 8 shows the three extractions for the ζ
(1)
i for transitions to this state obtained in both models. There is good
agreement among the three sets of form factors for both models. In the SCA model, the three sets of form factors are
nearly the same over much of the kinematic range. However, in the MCN model we find that the ζ
(1)
1 for all three
scenarios are almost indistinguishable over the entire kinematic range, but ζ
V (1)
2 deviates from the other two as they
approach the nonrecoil point. The ratio ζ
(1)
2 /ζ
(1)
1 at zero recoil for the three form factor scenarios are
ζ
V (1)
2 /ζ
V (1)
1 = −0.353(−0.591), ζA(1)2 /ζA(1)1 = −0.285(−0.501),
ζ
T (1)
2 /ζ
T (1)
1 = −0.293(−0.509),
within the SCA (MCN) model. The magnitude of this ratio is larger in the MCN model for all three scenarios.
1.5. JP = 5/2+
For decays to daughter baryons with JP = 5/2+, the leading-order HQET predictions are shown in Eq. 76. These
expressions can be inverted to give
ξ
(2)
1 = F1 + F2/2 = G1 −G2/2 = H1 +H2/2,
ξ
(2)
2 = F2/2 = G2/2 = −H2/2.
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TABLE V: SM and SUSY values for the Wilson coefficients. In the SUSY model we use, only C7, C9, and C10 get modified
from their SM values.
C1 C2 C3 C4 C5 C6 C7 C9 C10
SM −0.243 1.105 0.011 −0.025 0.007 −0.031 −0.312 4.193 −4.578
SUSY 0.376 4.767 −3.735
The three sets of HQET form factors for transitions to this state are shown in Figure 9. In both models, the three
sets of form factors are nearly identical at small sˆ. In the SCA model, ξ
V (2)
1 and ξ
T (2)
1 remain indistinguishable over
the entire kinematic range while ξ
A(2)
1 deviates as the nonrecoil point is approached. It can also be seen that ξ
V (2)
2
and ξ
A(2)
2 remain fairly close over the kinematic range with ξ
T (2)
2 deviating from the others as they approach zero
recoil. In the MCN model, the sets of form factors obtained from the vector and tensor form factors remain nearly
the same throughout the entire kinematic range with those obtained from the axial vector form factors deviating as
they approach zero recoil. The ratio ξ
(2)
2 /ξ
(2)
1 at the nonrecoil point for the three scenarios are
ξ
V (2)
2 /ξ
V (2)
1 = −0.130(−0.238), ξA(2)2 /ξA(2)1 = −0.172(−0.309),
ξ
T (2)
2 /ξ
T (2)
1 = −0.056(−0.211),
for the SCA (MCN) model. The magnitude of this ratio is larger in the MCN model for all three scenarios.
B. Dileptonic Decays
In this section, we present differential decays rates, branching ratios (BRs), and FBAs for dileptonic decays using
the two sets of form factors that we have extracted. We present results obtained using Wilson coefficients that have
been calculated in the standard model (SM), with both sets of form factors. We also examine one scenario that arises
beyond the SM, namely a supersymmetric (SUSY) extension to the SM, but there we use the MCN form factors
exclusively. In our numerical calculations, the SM values of the Wilson coefficients are taken from [55] and the SUSY
values are taken from [53]. These values are presented in Table V. In [55], the Wilson coefficients are evaluated using a
naive dimensional regularization scheme at the scale µ = 5.0 GeV. The top quark mass is taken to be mt = 174 GeV
and the cut-off ΛMS = 225 MeV, whereMS denotes the modified minimal subtraction scheme. The SUSY model used
here is referred to as SUSYI in Ref. [53]. SUSYI corresponds to the regions of parameter space where supersymmetry
can destructively contribute and can change the sign of C7, but contributions from neutral Higgs bosons are neglected.
Since the rates and FBAs for the e and µ channels are essentially the same, in what follows, we present the results
for the µ and τ channels only.
1. Decay Rates
The branching ratios predicted for the µ and τ channels are presented in Tables VI and VII, respectively. Each
table displays the results for the SM calculations using two models for the form factors, as well as one SUSY scenario
with the MCN form factors. In addition, results obtained omitting and including the long distance (LD) contributions
are presented. For ease of discussion, we will refer to the results obtained in the SM as SM1 for the SCA form factors,
and SM2 for the MCN form factors. SM1a and SM2a will refer to results with LD contributions omitted, while SM1b
and SM2b will refer to results with LD contributions included. Finally, SUSYa and SUSYb will refer to the results
obtained using Wilson coefficients from the supersymmetric extension to the standard model discussed above, with
the SUSYa (SUSYb) results obtained when LD contributions are omitted (included). We also compare our model
predictions with those made by other authors using SM Wilson coefficients, within the framework of light cone sum
rules (LCSR) [53, 54], QCD sum rules (QCDSR) [56], and a multipole model (PM) [56], as well as with the recent
experimental results from the CDF Collaboration [82]. Graphs of the differential decay rates dΓ/dsˆ are shown in Figs.
10-15.
For decays to the ground state in the µ channel, the branching ratios we obtain in the SM scenario are smaller
than those obtained by other authors [53, 54, 56]. In the τ channel, our results in models SM1a and SM2a are smaller
than the LCSR predictions for the ground state, but are comparable to the results obtained using QCDSR and PM.
However, the predictions of the SM1b and SM2b models are much smaller than those of other models in this channel.
The predictions of SM2 are larger than SM1 for decays to all Λ(∗), for both channels. Note, too, that SM1 predicts
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TABLE VI: Branching ratios for Λb → Λ
(∗)µ+µ− in units of 10−6. The numbers in the column labeled SM1 are obtained using
the SCA form factors with standard model Wilson Coefficients. The numbers in the column labeled SM2 are also obtained
using SM Wilson coefficients, but the MCN form factors. The numbers in the column labeled SUSY are obtained using the
MCN form factors with Wilson coefficients from a supersymmetric scenario. The column labeled LD refers to the long distance
contributions of the charmonium resonances, with ‘a’ indicating that these contributions have been neglected, and ‘b’ indicating
that they have been included. In this table, it is assumed that the Λ(1600) is the first radial excitation. The lifetime of the Λb
is taken from the Particle Data Listings [89].
State, JP LD SM1 SM2 SUSY Aslam et al. [53] Wang et al. [54] Chen et al. [56] Experiment [82]
QCDSR PM
Λ(1115) 1/2+ a 0.60 0.70 1.0 5.9 6.1 2.1 1.2 1.73 ± 0.42± 0.55.
b 21 32 32 39 46 53 36 −
Λ(1600) 1/2+ a 0.027 0.32 0.53 − − − −
b 2.6 35 35 − − − −
Λ(1405) 1/2− a 0.094 0.21 0.32 − − − −
b 5.9 19 19 − − − −
Λ(1520) 3/2− a 0.13 0.21 0.34 − − − −
b 14 24 24 − − − −
Λ(1890) 3/2+ a 0.018 0.097 0.17 − − − −
b 1.3 5.8 5.9 − − − −
Λ(1820) 5/2+ a 0.013 0.082 0.15 − − − −
b 0.84 4.6 4.7 − − − −
TABLE VII: Branching ratios for Λb → Λ
(∗)τ+τ− in units of 10−6. The columns are labeled as in Table VI.
State, JP LD SM1 SM2 SUSY Aslam et al. [53] Wang et al. [54] Chen et al. [56]
QCDSR PM
Λ(1115) 1/2+ a 0.22 0.22 0.38 2.1 2.4 0.18 0.26
b 0.59 0.68 0.86 4.0 4.3 11 9.0
Λ(1600) 1/2+ a < 0.01 < 0.01 0.016 − − −
b 0.033 0.12 0.13 − − −
Λ(1405) 1/2− a 0.023 0.030 0.055 − − −
b 0.12 0.22 0.25 − − −
Λ(1520) 3/2− a 0.013 0.016 0.031 − − −
b 0.14 0.18 0.20 − − −
Λ(1890) 3/2+ a < 0.01 < 0.01 < 0.01 − − −
b < 0.01 < 0.01 < 0.01 − − −
Λ(1820) 5/2+ a < 0.01 < 0.01 < 0.01 − − −
b < 0.01 < 0.01 < 0.01 − − −
that decays to the ground state dominate the rare decays of the Λb, but SM2b indicates that decays to the first radial
excitation are the dominant mode, with the decay rate to the Λ(1520) being similar in magnitude to the decay rate to
the ground state. In addition, the decay rate to the Λ(1405) is only slightly smaller than the decay rate to the ground
state. These results imply that searches for rare decays of the Λb, such as those planned by the LHCb collaboration,
should include excited final states, as the decay rates to these states can be sizable. We note that this is consistent
with the current experimental status in the rare decays of the B meson, where decays to the K and K∗ account for
less than half of the inclusive dileptonic decay rate. In both the µ and τ channel, the SUSY BRs are larger than the
SM results without LD contributions.
JP = 1/2+
Figs. 10(a) and (b) show the differential decay rates for decays to the ground state (Λ(1115)) in the µ and τ channels,
respectively. In these graphs, the solid curves are obtained from SM1, the dashed curves are from SM2, while the
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FIG. 10: dΓ/dsˆ for (a) Λb → Λ(1115)µ
+µ− and (b) Λb → Λ(1115)τ
+τ− without and with long distance (LD) contributions
from charmonium resonances. The solid curves represent rates obtained from SM1, the dashed curves are from SM2, and the
dot-dashed curves are from SUSY.
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FIG. 11: Same as Fig. 10 but for Λb → Λ(1600).
dot-dashed curves are from SUSY. The resonance contributions enhance the rates for both decay channels, but the
enhancement is much larger in the dimuon case. The SM1a and SM2a branching ratios are somewhat smaller than
the experimental measurement, but the SM1b and SM2b branching ratios are significantly larger. Experimentally,
regions in sˆ around the first two charmonium resonances are vetoed. This is because the non-leptonic decay rates of
the Λb to Λ along with a vector charmonium, followed by the dileptonic decays of the charmonium, are much larger
than the rare decays of interest. Such decays can be described by tree-level diagrams, and thus have much larger
decay rates than rare decays. To compare our numbers with experiment, we should follow a similar procedure of
vetoing the regions around the two lightest charmonium resonances. When this is done, the branching ratios that
result are essentially identical to those that we report in the ‘a’ scenarios. Thus, SM1a and SM2a are the numbers
that should be compared with experiment.
Figure 11 shows the differential decay rates for transitions to the first radial excitation, Λ(1600). The SM1 predic-
tions shown in Table VI are much smaller than the SM2 predictions for both decay channels. Furthermore, SM2b
predicts that decays to this state are the dominant rare decay mode of the Λb. The truncations of the quark currents
and the form factors in SM1 have lead to significant underestimates of the rates for decays to this state in both the
µ and τ channels.
JP = 1/2−
Figs. 12(a) and (b) show the differential decay rates to the lowest-lying 1/2− state, the Λ(1405), assuming that
it is a three-quark state (there is at least one other suggestion for the structure of this state in the literature [90]).
From the graphs, it can be seen that SM2 predicts a larger rate than SM1, and this is seen in Tables VI and VII. The
SUSY rates are significantly larger in both decay channels over the entire kinematic range.
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FIG. 12: Same as Fig. 10 but for Λb → Λ(1405).
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FIG. 13: Same as Fig. 10 but for Λb → Λ(1520).
JP = 3/2−
Figs. 13(a) and (b) show the differential decay rates for decays to Λ(1520). The curves indicate that SM1 and SM2
make similar predictions for this channel, and this is borne out by the numbers in Tables VI and VII. The SUSY
rates are larger in both the µ and τ channels. For this state, SM2b predicts that the decay rate into this state is very
similar to the decay rate into the ground state.
JP = 3/2+
Figs. 14(a) and (b) show the differential decay rates for decays to Λ(1890). In both the µ and τ channels, the
predicted SM2 rates significantly larger than the SM1 rates. The SUSY rates are larger in both decay channels over
the entire kinematic range. The SM2b rate for the µ channel into this mode is quite a bit smaller than the rate into
the ground state. Nevertheless, this decay rate is not negligible.
JP = 5/2+
Figs. 15(a) and (b) show the differential decay rates for decays to Λ(1820). As with many of the cases discussed,
SM2 predicts larger rates for decays to this state than SM1, in the µ channel. In the τ channel, the predicted rates
are negligible. The SUSY rates are larger in both decay channels over the entire kinematic range.
2. Forward-Backward Asymmetries
The differential forward-backward asymmetries (FBAs) AFB(sˆ) are shown in Figs. 16-21. The key to the curves
is the same as the differential decay rates. In addition to the differential asymmetries, the zeroes in the asymmetries
also contain information on the Wilson coefficients, and are therefore of interest. We will discuss these in some detail.
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FIG. 14: Same as Fig. 10 but for Λb → Λ(1890).
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FIG. 15: Same as Fig. 10 but for Λb → Λ(1820).
Furthermore, it is useful to introduce the integrated forward-backward asymmetry 〈AFB〉 in order to characterize the
typical value of the FBA. This integrated FBA is defined as
〈AFB〉 =
∫ (1−√r)2
4mˆ2
ℓ
AFB(sˆ)dsˆ. (106)
The integrated FBAs we obtain are shown in Tables VIII and IX. The column labels have the same meaning as
with the branching ratios shown in Tables VI and VII. We also compare our results with those of Wang et. al. [54]
TABLE VIII: Integrated forward-backward asymmetry for Λb → Λ
(∗)µ+µ−. The columns are labeled as in Table VI.
State, JP LD SM1 SM2 SUSY Wang et al. [54] Chen et al. [57]
Λ(1115) 1/2+ a −0.1255 −0.1272 −0.1800 −0.0122 −0.1338
b −0.1128 −0.1139 −0.1582 −0.0099 −
Λ(1600) 1/2+ a −0.0663 −0.0889 −0.1415 − −
b −0.0575 −0.0793 −0.1202 − −
Λ(1405) 1/2− a 0.0927 0.1145 0.1681 − −
b 0.0822 0.1021 0.1455 − −
Λ(1520) 3/2− a −0.0611 −0.0825 −0.1371 − −
b −0.0566 −0.0747 −0.1165 − −
Λ(1890) 3/2+ a 0.0410 0.0586 0.1116 − −
b 0.0431 0.0580 0.0985 − −
Λ(1820) 5/2+ a −0.0074 −0.0271 −0.0946 − −
b −0.0133 −0.0311 −0.0846 − −
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TABLE IX: Integrated forward-backward asymmetry for Λb → Λ
(∗)τ+τ−. The columns are labeled as in Table VI.
State, JP LD SM1 SM2 SUSY Wang et al. [54] Chen et al. [57]
Λ(1115) 1/2+ a −0.0342 −0.0330 −0.0274 −0.0067 −0.0399
b −0.0319 −0.0307 −0.0259 −0.0062 −
Λ(1600) 1/2+ a −0.0119 −0.0116 −0.0098 − −
b −0.0106 −0.0103 −0.0088 − −
Λ(1405) 1/2− a 0.0221 0.0243 0.0197 − −
b 0.0203 0.0222 0.0183 − −
Λ(1520) 3/2− a −0.0072 −0.0098 −0.0086 − −
b −0.0063 −0.0086 −0.0077 − −
Λ(1890) 3/2+ a 0.0003 0.0013 0.0013 − −
b 0.0002 0.0010 0.0010 − −
Λ(1820) 5/2+ a 0.0021 0.0021 0.0003 − −
b 0.0020 0.0021 0.0003 − −
TABLE X: Zeroes of the forward-backward asymmetry for Λb → Λ
(∗)µ+µ−. The columns are labeled as in Table VI.
State, JP LD SM1 SM2 SUSY Chen et al. [58]
Λ(1115) 1/2+ a 0.106 0.098 − 0.109
b 0.088 0.080 − 0.098
Λ(1600) 1/2+ a 0.143 0.102 − −
b 0.121 0.085 − −
Λ(1405) 1/2− a 0.132 0.107 − −
b 0.111 0.088 − −
Λ(1520) 3/2− a 0.117 0.522 0.101 0.525 0.527 −
b 0.097 0.522 0.085 0.525 0.527 −
Λ(1890) 3/2+ a 0.116 0.431 0.103 0.437 0.439 −
b 0.102 0.430 0.094 0.430 0.439 −
Λ(1820) 5/2+ a 0.138 0.415 0.112 0.424 0.438 −
b 0.121 0.422 0.099 0.430 0.441 −
(LCSR) and Chen et al. [57] (QCDSR). Tables X and XI show the locations of the zeroes in the FBAs.
JP = 1/2+
Figs. 16(a) and (b) show the differential FBAs for decays to the ground state, in the µ and τ channels, respectively.
The values of the integrated asymmetries, 〈AFB〉, obtained in the SM1a and SM2a models, agree well with the
values reported by Chen et al. [57] for both channels, but is roughly an order of magnitude larger than the value
reported by Wang et al. [54]. Our values from the SM1b and SM2b models are also an order of magnitude larger
than the corresponding value reported by Wang et al. It is very interesting to note that for this final state, the
TABLE XI: Zeroes of the forward-backward asymmetry for Λb → Λ
(∗)τ+τ−. The columns are labeled as in Table VI.
State, JP LD SM1 SM2 SUSY
Λ(1520) 3/2− a 0.522 0.525 0.527
b 0.522 0.525 0.527
Λ(1890) 3/2+ a 0.431 0.437 0.439
b 0.433 0.437 0.438
Λ(1820) 5/2+ a 0.415 0.425 0.439
b 0.412 0.430 0.440
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FIG. 16: AFB(sˆ) for (a) Λb → Λ(1115)µ
+µ− and (b) Λb → Λ(1115)τ
+τ−. The solid curves arise from the SM1 model, the
dashed curves from SM2, and the dot-dashed curves from the SUSY scenario.
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FIG. 17: Same as Fig. 16 but for Λb → Λ(1600).
integrated asymmetry appears to be largely independent of the model employed. When the results of other authors
are considered, the results of Chen et al. confirm this conclusion, but the results of Wang et al. do not allow such
a conclusion to be drawn. The curves of Figs. 16(a) and (b) also indicate that the FBA for decays to this state are
largely independent of the form factors used.
The FBAs for decays to Λ(1600) for the µ and τ channels are shown in Figs. 17(a) and (b), respectively. In the
µ channel, the SM1 and SM2 models lead to significantly different FBAs over most of the kinematic range, and this
is reflected in the values of the integrated FBAs. In addition, the locations of the zeroes are quite different in the
two models. In the τ channel, the curves from the SM1 and SM2 models are closer than in the µ channel, and the
integrated FBAs are essentially identical.
From Eq. 68, the zeroes of the FBA occur when
AFB(sˆ0) = 0⇒ I1(sˆ0) = 0. (107)
For decays to states with J = 1/2, the expression for I1 is
I1(sˆ) = −16m4Λb sˆ
√
φ(sˆ)ψ(sˆ) [Re(A∗1E1) + Re(B
∗
1D1)] . (108)
Using Eq. 48, the condition for the position of the zero(s) for decays to states with JP = 1/2+ is
Re(C∗9C10) =
2mˆb
sˆ0
Re(C∗7C10)
(
FT1 G1 −GT1 F1
2mΛbF1G1
)
. (109)
This relation holds for JP = 1/2− as well. From this relation, we see that sˆ0 depends on the two combinations of
Wilson coefficients, Re (C∗7C10) and Re (C
∗
9C10), and a ratio of form factors. For this final state, there is a single
possible zero when LD contributions are omitted: LD contributions introduce other zeroes, as can be clearly seen in
Figs. 16(a) and 17(a). Using the form factors obtained in the two models we consider, the values of sˆ0 are shown in
Table X for the µ channel. These values are in good agreement with those reported in [58].
For decays to states with J = 1/2, apart from the endpoints and resonance regions, there are no zeroes in the FBAs
in either channel for the SUSY model we use. The zeroes that occur in the SM scenarios can be traced to the opposite
Rare dileptonic decays of Λb in a quark model 29
0.00 0.08 0.16 0.24 0.32 0.40 0.48 0.56
s
-0.45
-0.30
-0.15
0.00
0.15
0.30
0.45
A
FB
(s)
(a)
0.40 0.44 0.48 0.52 0.56
s
-0.2
-0.1
0.0
0.1
0.2
0.3
A
FB
(s)
(b)
FIG. 18: Same as Fig. 16 but for Λb → Λ(1405).
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FIG. 19: Same as Fig. 16 but for Λb → Λ(1520).
signs of C7 and C9. In the SUSY model that we employ here, C7 and C9 have the same sign, and the condition for
the zero in Eq. 109 can no longer be satisfied. In addition, in the τ channel, even in the SM1 and SM2 scenarios, no
zeros are possible, apart from those induced by the resonance effects.
JP = 1/2−
The FBAs predicted for decays to the Λ(1405) are shown in Fig. 18. In these figures, we see that the predictions
from SM1 and SM2 are somewhat different, and the locations of the zero are also different (see Table X). As with
the decay to states with JP = 1/2+, there are no zeros in the FBA in the SUSY scenario we consider here. There
are also no zeros, apart from those induced by the resonance contributions, in the τ channel for any of the scenarios
considered.
JP = 3/2−
The predictions for the FBAs in the decays to the Λ(1520) are shown in Fig. 19. The SM1 and SM2 models give
slightly different asymmetries in the µ channel. Even without the LD contributions, the structure of the asymmetry
arising from these decays is richer than in the decays to states with J = 1/2.
For states with J = 3/2
I1(sˆ) = 8
3
m4Λb sˆ
√
φ(sˆ)ψ(sˆ)
[
− φ(sˆ)
r
[Re(A∗1E1) + Re(B
∗
1D1)] +
y−(sˆ) [Re(A∗1E4) + Re(B
∗
4D1)] + y
+(sˆ) [Re(A∗4E1) + Re(B
∗
1D4)] +
2 [Re(A∗4E4) + Re(B
∗
4D4)]
]
, (110)
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FIG. 20: Same as Fig. 16 but for Λb → Λ(1890).
where φ(sˆ) = (1 − r)2 − 2(1 + r)sˆ + sˆ2 and y±(sˆ) = [(1±√r)2 − sˆ] /√r. For JP = 3/2−, the condition for the
positions of the zeros is
Re(C∗9C10) =
2mˆb
sˆ0
Re(C∗7C10)
(
X1
2mΛbY1
)
, (111)
where
X1 = −φ(sˆ0)
r
(
FT1 G1 −GT1 F1
)
+ y−(sˆ0)
(
FT1 G4 −GT4 F1
)
+
y+(sˆ0)
(
FT4 G1 −GT1 F4
)
+ 2
(
FT4 G4 −GT4 F4
)
,
Y1 = −φ(sˆ0)
r
F1G1 + y
−(sˆ0)F1G4 + y+(sˆ0)F4G1 + 2F4G4, (112)
As we can see in Fig. 19, apart from the resonance region, there are two zeroes for this mode in the µ channel in
the SM. The zero at the larger value of sˆ is also present in the τ channel. This is quite different from the case with
J = 1/2 where there is only one zero in the µ channel and none for the τ . The positions of the zeroes in the µ channel
are shown in Table X. In the SUSY scenario that we explore, there is only one zero in the µ channel, and it sits at
sˆ = 0.527 in both SUSY scenarios. In the τ channel, there is a single zero in the FBA, and its position is largely
independent of the model used for the form factors.
JP = 3/2+
Fig. 20(a) shows the µ channel FBAs for the Λ(1890) mode. There are some differences between the predictions of
the SM1 and SM2 models, particularly at the larger values of sˆ. These differences appear to be even larger in the τ
channel (Fig. 20(b)), but the asymmetries predicted are quite small in both models.
For this decay mode, the condition for the zeroes in the asymmetry is the same as in Eq. 111, but now
X1 = −φ(sˆ0)
r
(
FT1 G1 −GT1 F1
)
+ y−(sˆ0)
(
FT4 G1 −GT1 F4
)
+
y+(sˆ0)
(
FT1 G4 −GT4 F1
)
+ 2
(
FT4 G4 −GT4 F4
)
,
Y1 = −φ(sˆ0)
r
F1G1 + y
−(sˆ0)F4G1 + y+(sˆ0)F1G4 + 2F4G4, (113)
The positions of the zeroes in the FBA for decays to this state are also shown in Table X for the µ channel and Table
XI for the τ channel.
JP = 5/2+
In the Λ(1820) mode, SM1 and SM2 again predict slightly different FBAs in both the µ and τ channels (see Fig.
21). In the µ channel, the SM1 prediction for the position of the first zero is noticeably different from the prediction
from SM2. However, the positions of the second zero are much closer in these two models.
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FIG. 21: Same as Fig. 16 but for Λb → Λ(1820).
For J = 5/2, I1 takes the form
I1(sˆ) = 2
5r
m4Λb sˆφ
3/2(sˆ)
√
ψ(sˆ)
[
− φ(sˆ)
r
[Re(A∗1E1) + Re(B
∗
1D1)]−
2 [Re(A∗1E4) + Re(B
∗
4D1)] + 2 [Re(A
∗
4E1) + Re(B
∗
1D4)] +
Re(A∗4E4) + Re(B
∗
4D4)
]
. (114)
The condition for the zero now becomes
Re(C∗9C10) =
2mˆb
sˆ0
Re(C∗7C10)
(
X2
2mΛbY2
)
, (115)
where, for natural parity,
X2 = −φ(sˆ0)
r
(
FT1 G1 −GT1 F1
)− 2 (FT1 G4 −GT4 F1)+ 2 (FT4 G1 −GT1 F4)+
FT4 G4 −GT4 F4,
Y2 = −φ(sˆ0)
r
F1G1 − 2F1G4 + 2F4G1 + F4G4. (116)
We conclude this section with two general comments on the zeroes of the FBAs. The zeroes for the FBAs in decays
to states with spin 1/2, along with the first zero in decays to the states with higher spin that we have considered, all
lie relatively close to each other, despite the more complicated expression for the location of the zeroes for the states
with higher spin. However, in Eqs. 112, 113 and 116, terms in F4, G4, F
T
4 and G
T
4 are negligible (they are exactly
zero in the limit of an infinitely heavy b quark), so that the various expressions for the location of the zeroes all reduce
to one that is identical to the case of spin 1/2, Eq. 109. Furthermore
FT1 G1 −GT1 F1
2mΛbF1G1
≈ 1 +O
(
ξ2
ξ1
)
+O
(
ΛQCD
mb
)
, (117)
for states with natural parity, or
FT1 G1 −GT1 F1
2mΛbF1G1
≈ 1 +O
(
ζ2
ζ1
)
+O
(
ΛQCD
mb
)
, (118)
for states with unnatural parity, for the states we have examined. This means that the location of the zero, up to
corrections O
(
ΛQCD
mb
)
and O
(
ξ2
ξ1
)
or O
(
ζ2
ζ1
)
, is approximately given by
sˆ0 ≈ −2mˆbRe(C
∗
7C10)
Re(C∗9C10)
, (119)
independent of the angular momentum of the final state (at least, up to spin 5/2), and of the form factors. Using
the SM Wilson coefficients along with the physical mass of the Λb and the accepted mass of the b quark, this gives a
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FIG. 22: FBA for Λb → Λ(1520), obtained in model SM1a. The solid curve arises from the SCA form factors. The dashed
curve is obtained by omitting any terms that are O(1/mb) from the SCA form factors. The dot-dashed curve is obtained by
allowing F4 to be non-zero.
value of 0.121. This number, obtained in this simplifying limit, is in surprisingly good agreement with the values of
the lower zeroes shown in Table X, for all states. Of course, there must be deviations from this simple limit, as the b
quarks is not infinitely heavy. However, it may be possible to systematically estimate the corrections to the (model
independent?) value of 0.121.
The second comment on the zeroes follows immediately from the first: in the limit of an infinitely heavy b quark,
the location of the zeros is given by Eq. 119 (up to the corrections mentioned), since F4, G4, F
T
4 and G
T
4 all vanish
explicitly in this limit. This means that in this limit, there can only be one zero in the FBAs if the form factors
are treated in the strict heavy-quark limit. This also means that the location of this second zero may be sensitively
dependent on the form factors, the angular momentum of the state being considered and, of course, on the Wilson
coefficients. Surprisingly, the results shown in Table XI suggest that the most important dependence is the angular
momentum of the daughter baryon.
This is illustrated in Fig. 22. In this graph, the solid curve arises from the SCA form factors. The dashed curve
is obtained by omitting any terms that are O(1/mb) from the SCA form factors. This means, for instance that F4,
G4, F
T
4 and G
T
4 all vanish identically. It’s clear that for these truncated form factors, there is only a single zero in
the FBA. The dot-dashed curve arises when only F4 is allowed to be non-zero, and the second zero reappears in the
FBA.
C. Sensitivity to Model Parameters
One question that can be asked is how sensitive are the results presented above to the choice of parameters in the
model. The easiest way to assess this is to vary one or more parameters from the values we have used, and note the
effect on the calculated decay rates, for instance. We have carried out this exercise, changing the mass of the b quark
by 10% from its value reported in Table I. The result is that the decay rate to the ground state Λ changes by less
than 0.02% of the reported value, in either model of the form factors. For decays to other states, the changes in the
decay rate are similarly small. This suggests that the results that we have obtained are quite robust to changes in
parameters, within the context of this particular model. It is extremely difficult for us to speculate on how the results
would change if the model itself were to be changed. We should also emphasize that the parameters reported in Table
I are obtained in a fit to the baryon spectrum. A change in the mass of the b quark of 10% means that the model
states are no longer good representations of the observed physical states.
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VI. CONCLUSIONS AND OUTLOOK
In this work, we have examined the rare weak dileptonic decays of the Λb baryon using a constituent quark model.
Analytic and numerical results for the form factors for the decays to ground and excited states with different quantum
numbers have been obtained and compared with the leading order predictions of HQET. We have shown that for
Λb → Λ(∗), the leading order relations among form factors predicted by HQET are satisfied by the form factors for
both the SCA and MCN models. For transitions considered, MCN model form factors are found to be larger than
those in the SCA model.
We have examined the decay rates and FBAs for decays to a number of Λ final states, in a number of scenarios. We
have compared our results with the predictions of other authors, as well as the µ-channel measurement reported by
the CDF collaboration. Our predictions for decays to the ground state are smaller than the experimental value and
the predictions of other authors in the µ channel. In the τ channel, our model results are in agreement with QCD
sum rules and pole model predictions without LD contributions. However, when LD contributions are considered, our
results are smaller than those of other authors. We comment on this further near the end of this section.
The SM2 models predict larger branching ratios for all daughter Λ decay modes than do the SM1 models. SM1
predicts that decays to the ground state are dominant in the µ channel. In SM2a, this mode is also dominant, but in
SM2b, decays to Λ(1600) are dominant. SM2b also predicts that the decay rate to the Λ(1520) is comparable with
the decay rate to the ground state, with the decay rate to the Λ(1405) being only slightly smaller. These results are
consistent with the current status of the rare dileptonic decays of B mesons, where decays to the two lowest lying
kaons are insufficient to saturate the inclusive rate, and in fact account for less than 50% of the inclusive rate. These
results also suggest that it might be prudent for the LHCb collaboration and CDF to search for rare decays in modes
other than the Λ(1115).
There is, however, a very important caveat. Decays in which the q2 of the dileptons is near the mass-squared of the
two lowest-lying vector charmonium resonances are inaccessible experimentally, as they are embedded in the much
larger background coming from (tree-level) nonleptonic decays with vector charmonia in the final state. Our results
obtained omitting the vector charmonia, the SM1a and SM2a models, are therefore closer to experimental reality, and
these scenarios suggest that decays to the Λ(1115) are indeed the dominant rare decay mode of the Λb. Nevertheless,
the SM2a model that uses the more precise calculation of the form factors indicates that there will be a sizable fraction
of rare decays into excited states of the Λ.
For some decay modes, such as decays to the Λ(1115), the FBAs are largely independent of the model choice for
much of the kinematic range. For other modes, particularly the Λ(1600), there are significant differences between the
predictions of the SM1 and SM2 models. The zero that occurs at lower values of sˆ in these FBAs turns out to be
largely independent of the angular momentum of the daughter baryon, but with some dependence on the form factors.
Nevertheless, this form factor dependence is surprisingly small. For decays to states with J ≥ 3/2, these FBAs in
general have more than one zero (for the states we have considered, there is one additional zero). At leading order in
HQET, the second zero does not exist. For decays to the ground state, it is known that the positions of the zeroes
are modified in many scenarios that arise beyond the SM. This is also found to be true of the excited states, not
surprisingly. Thus, it would be crucial to know the number of zeroes and their positions reliably (assuming that there
will ever be sufficient statistics for the differential FBAs to be extracted with high precision). Our results indicate
that the leading order predictions of HQET are misleading in this regard.
The work presented here can be extended in several directions. We can use these form factors to study any number
of polarization observables that can arise in these decays for leptons and baryons. Like the FBAs, these asymmetries
are functions of the ratio of form factors and may therefore be less sensitive to the details of the form factor models.
Such observables could provide more model-independent ways of extracting some of the Wilson coefficients.
In comparing our rates with those of other authors, the main weakness of our model is highlighted, namely that
the form factors predicted drop too rapidly as the momentum of the daughter baryon increases. This makes these
form factors less reliable for nonleptonic decays such as Λb → Λ(∗)π or the radiative decays Λb → Λ(∗)γ, in which q2 is
small or zero. This is an inherent problem with models of this kind that use the harmonic oscillator basis. We need to
emphasize that this is NOT an inherent flaw of all quark models, but of the particular choice of basis. Furthermore,
this weakness is exacerbated by the larger range of q2 accessible in the rare decays of the Λb. It would be interesting
to perform these calculations using wave functions computed from other bases, such as the Sturmian basis. The
Sturmian basis leads to form factors whose kinematic dependence on q2 appears in the form of multipoles. This has
two significant advantages. First, it is common to expect form factors to have multipole dependence experimentally.
Second, multipole forms would decrease significantly less rapidly as the momentum of the daughter baryon increases.
These forms can therefore be expected to lead to larger branching fractions for many of the decay modes that we
have considered. The semianalytic method developed here using the harmonic oscillator basis can be easily adapted
for the Sturmian basis.
The sensitivity of the rare decays we have studied to new physics that arises beyond the Standard Model can be
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easily studied with the form factors that we have calculated herein. The operator product structure easily incorporates
scenarios from beyond the Standard Model, such as supersymmetric models, models with fourth generation quarks,
and models with universal extra dimensions. These types of investigations can help provide constraints on any possible
new physics scenarios.
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Appendix A: Semianalytic Treatment of Hadronic Matrix Elements
The hadronic matrix elements (Eq. 90) can be written in the form
〈Λ | sΓb | Λb〉 =
∑
h′,h
aΛ
∗
h′ a
Λb
h δs′1s1δs′2s2(−1)lλ′+lλ
×Unρ′ lρ′mρ′nρlρmρ (αρ, αρ′)W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′), (A1)
where the coefficients ah(h′) are the products of the normalization of the baryon state (the
√
2EBq of Eq. 77), the
expansion coefficients (the η
Bq
i of Eq. 79) and the various Clebsch-Gordan coefficients that appear in the parent
(daughter) baryon wave function, and the indices h(h′) contain all the relevant quantum numbers being summed over
for the parent (daughter) baryon state. U
nρ′ lρ′mρ′
nρlρmρ
is the spectator overlap given by
U
nρ′ lρ′mρ′
nρlρmρ
(αρ, αρ′) =
∫
d3pρφ
∗
nρ′ lρ′mρ′
(αρ′ ; ~pρ)φnρlρmρ(αρ; ~pρ), (A2)
and W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
is the interaction overlap, which takes the form
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) = exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)∫
d3ke−κ
2
λk
2Llλ′+ 12∗nλ′
(
p′2
β′2
)
Y∗lλ′mλ′ (~p′)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉Llλ+
1
2
nλ
(
p2
β2
)
Ylλmλ(~p). (A3)
Here, κλ = αλλ′/αλ′αλ and αλλ′ =
√
(α2λ + α
2
λ′)/2.
From the power series definition of the Laguerre polynomials, the integral over ~pρ can be done analytically to give
U
nρ′ lρ′mρ′
nρlρmρ
(αρ, αρ′) = δlρ′ lρδmρ′mρN
∗
nρ′ lρ
(αρ′ )Nnρlρ(αρ)
×
nρ′∑
r′=0
nρ∑
r=0
c
lρ+
1
2
nρ′r
′c
lρ+
1
2
nρr
α2r
′
ρ′ α
2r
ρ
I (2(lρ + r′ + r + 1);κ2ρ) , (A4)
where Nnl(α) are the normalization constants for the oscillator basis, c
k
nr are the coefficients in the power series
definition of the Laguerre polynomials,
cknr = (−1)r
Γ(n+ k + 1)
Γ(n− r + 1)Γ(k + r + 1)Γ(r + 1) . (A5)
I is the Gaussian integral,
I(m; b) =
∫ ∞
0
xme−bx
2
dx =
Γ((m+ 1)/2)
2b(m+1)/2
, (A6)
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κρ = αρρ′/αρ′αρ, αρρ′ =
√
(α2ρ + α
2
ρ′)/2, and the Kronecker deltas δlρ′ lρ , δmρ′mρ are due to the orthogonality of the
spherical harmonics.
We can write the solid harmonics in Eq. A3 in terms of solid harmonics over ~k by making use of the addition
theorem,
Ylm(~a+~b) =
l∑
λ=0
λ∑
µλ=−λ
Bλµλlm (~a)Yλµλ(~b), (A7)
where
Bλµλlm (~a) =
4π(2l + 1)!!
(2λ+ 1)!!(2l− 2λ+ 1)!!C
lm
λµλl−λm−µλYl−λm−µλ(~a), (A8)
Cl3m3l1m1l2m2 = 〈Yl3m3 | Yl2m2 | Yl1m1〉, (A9)
and Ylm are the usual spherical harmonics. Eq. A3 therefore becomes
W
nλ′ lλ′mλ′sq′
Γ;nλlλmλsq
(αλ, αλ′) = exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
×
∑
λ′µλ′
∑
λµλ
B
λ′µλ′∗
lλ′mλ′
(c′~pΛ)B
λµλ
lλmλ
(c~pΛ)J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ),
(A10)
where
J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ) =
∫
d3ke−κ
2
λk
2Llλ′+
1
2∗
nλ′
(
p′2
β′2
)
Y∗λ′µλ′ (~k)
×〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉Llλ+
1
2
nλ
(
p2
β2
)
Yλµλ (~k).
(A11)
In its most general form, the quark current 〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 can be written
〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 =
2∑
ℓ=0
ℓ∑
mℓ=−ℓ
ξ
sq′ sq
Γ;ℓmℓ
(~k, ~pΛ)Yℓmℓ(~k). (A12)
It was discussed in Section IVB2 that the coefficients ξΓ are complicated functions of ~pΛ · ~k. To see this, recall Eq.
103,
〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 = −
√
8π
3 (pΛ)+Y11(~p) +
√
16π
15 Y22(~p)√
Eb
√
Es
√
Eb +mb
√
Es +ms
.
By use of Eq. A7, Ylm(~p) can be written in terms of Ylm(~k) as
Y11(~p) =
√
3c(pΛ)+Y00(~k) + Y11(~k),
Y22(~p) =
√
15
2
c2(pΛ)
2
+Y00(~k) +
√
10c(pΛ)+Y11(~k) + Y22(~k).
Now 〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 becomes
〈s(~pΛ + ~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉 = −f(k, pΛ;x)
[√
8πc(c+ 1)(pΛ)
2
+Y00(~k)
+
√
8π
3
(2c+ 1)(pΛ)+Y11(~k) +
√
16π
15
Y22(~k)
]
,
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where,
f(k, pΛ;x) =
1√
Eb
√
Es
√
Eb +mb
√
Es +ms
,
and
Eb =
√
p2 +m2b = (c
2p2Λ + k
2 +m2b + 2cpΛkx)
1/2,
Es =
√
(~p+ ~pΛ)2 +m2s
= [(c+ 1)2p2Λ + k
2 +m2s + 2(c+ 1)pΛkx]
1/2.
In the above, we have used x = pˆΛ ·kˆ, where pˆΛ = ~pΛ/pΛ and kˆ = ~k/k. Matching 〈s(~pΛ+~p,−1/2) | sγ+γ5b | b(~p,+1/2)〉
with the general form of the quark current (Eq. A12), we find that
ξ−+γ+γ5;00(
~k, ~pΛ) = −
√
8πc(c+ 1)(pΛ)
2
+f(k, pΛ;x),
ξ−+γ+γ5;11(
~k, ~pΛ) = −
√
8π
3
(2c+ 1)(pΛ)+f(k, pΛ;x),
ξ−+γ+γ5;22(
~k, ~pΛ) = −
√
16π
15
f(k, pΛ;x).
The ξ coefficients can each be expanded in terms of Legendre polynomials as
ξ
sq′sq
Γ;ℓmℓ
(~k, ~pΛ) =
∞∑
L=0
ζ
sq′ sq
Γ;ℓmℓL
(k, ~pΛ)PL(x),
where
ζ
sq′ sq
Γ;ℓmℓL
(k, ~pΛ) =
(
2L+ 1
2
)∫ +1
−1
dxξ
sq′ sq
Γ;ℓmℓ
(~k, ~pΛ)PL(x).
Using
PL(x) =
(
4π
2L+ 1
) +L∑
M=−L
Y ∗LM (pˆΛ)YLM (kˆ)
we can write the ξ coefficients in terms of YLM (kˆ),
ξ
sq′ sq
Γ;ℓmℓ
(~k, ~pΛ) =
∞∑
L=0
L∑
ML=−L
ζ
sq′ sq
Γ;ℓmℓLML
(k, ~pΛ)YLML(kˆ), (A13)
where
ζ
sq′ sq
Γ;ℓmℓLML
(k, ~pΛ) =
(
4π
2L+ 1
)
Y ∗LM (pˆΛ)ζlmL(k, ~pΛ)
= 2πY ∗LML(pˆΛ)
∫ +1
−1
dxξ
sq′ sq
Γ;ℓmℓ
(~k, ~pΛ)PL(x). (A14)
The integral above is done numerically. The quark current can now be written as
〈s(~pΛ + ~p, sq′) | sΓb | b(~p, sq)〉 =
∑
ℓmℓ
∑
LML
ζ
sq′ sq
Γ;ℓmℓLML
(k, ~pΛ)YLML(kˆ)Yℓmℓ(~k). (A15)
We also note that the normalized Laguerre polynomials in Eq. A11 are functions of ~pΛ · ~k. These functions are
expanded in terms of spherical harmonics as well, giving
Ll+
1
2
n
(
p2
β2
)
= Nnl(β)
n∑
L=0
L∑
M=−L
ΛLMnl (k, c~pΛ)YLM (kˆ), (A16)
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where
ΛLMnl (k, c~pΛ) = 2πY
∗
LML(pˆΛ)
∫ +1
−1
dxL
l+ 12
n
(
p2
β2
)
PL(x). (A17)
Here, we have used Eq. 93. ΛLMnl can be determined analytically and the values for n ≤ 1 are
Λ000l = 4πY
∗
00(pˆΛ),
Λ001l = 4πY
∗
00(pˆΛ)
[
l+
3
2
− 1
β2
(k2 + c2p2Λ)
]
,
Λ1M1l =
8π
3
cpΛk
β2
Y ∗1M (pˆΛ). (A18)
Substituting Eqs. A15 and A16 into Eq. A11, we get
J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ) = N
∗
nλ′ lλ′
(β′)Nnλlλ(β)
×
∑
ℓmℓ
∑
LML
∑
La′Ma′
∑
LaMa
∫
d3ke−κ
2
λk
2
ζ
sq′ sq
Γ;ℓmℓLML
(k, ~pΛ)
×ΛLa′Ma′nλ′ lλ′ (k, c
′~pΛ)ΛLaManλlλ (k, c~pΛ)
×Y∗λ′µλ′ (~k)YLa′Ma′ (kˆ)YLML(kˆ)Yℓmℓ(~k)YLaMa(kˆ)Yλµλ (~k).
(A19)
Recall that, Ylm = klYlm. Making this substitution leads to
J nλ′ lλ′sq′ :λ
′µλ′
Γ;nλlλsq :λµλ
(κ2λ) = N
∗
nλ′ lλ′
(β′)Nnλlλ(β)
×
∑
ℓmℓ
∑
LML
∑
La′Ma′
∑
LaMa
Dsq′ sqLa′Ma′LaMaΓ;ℓmℓLMLnλ′ lλ′nλlλ(λ
′ + ℓ+ λ+ 2;κ2λ)
×〈Yλ′µλ′ | YLa′Ma′YLMLYℓmℓYLaMa | Yλµλ 〉, (A20)
where
Dsq′ sqLa′Ma′LaMaΓ;ℓmℓLMLnλ′ lλ′nλlλ(h;κ
2
λ) =
∫ ∞
0
dke−κ
2
λk
2
khζ
sq′ sq
Γ;ℓmℓLML
(k, ~pΛ)
×ΛLa′Ma′nλ′ lλ′ (k, c
′~pΛ)Λ
LaMa
nλlλ
(k, c~pΛ), (A21)
is the momentum integral, which is done numerically. The bra-ket term is the angular integral over the spherical
harmonics which can be handled analytically. We note here that the integral over the spherical harmonics provides a
cut-off for the infinite sum over L in Eq. A13; this sum can be truncated at L = λ+ La + ℓ+ La′ + λ
′.
Appendix B: Analytic Form Factors
Here we present the tensor form factors obtained from single-component quark model wave functions in the oscillator
basis. The form factors for the vector and axial vector currents have the same form as those published in [84]. These
form factors were extracted using a nonrelativistic reduction of the quark current. The resulting form factors have the
form of a polynomial in the daughter baryon momentum pΛ times a Gaussian. The polynomials in the form factors
presented here are truncated at zeroth order in pΛ.
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1. 1/2+
H1 = IH
[
α2λα
2
λ′
12mbmsα2λλ′
+ 1
]
H2 = IH
[
m2qα
2
λα
2
λ′
mbmsα4λλ′
− α
2
λα
2
λ′
12mbmsα2λλ′
+
mqα
2
λ′
msα2λλ′
]
H3 = IH
[
− m
2
qα
2
λα
2
λ′
mbmsα4λλ′
− mqα
2
λ
mbα2λλ′
]
H4 = IH
[
− m
2
qα
2
λα
2
λ′
mbmsα4λλ′
]
IH =
(
αλαλ′
α2λλ′
)3/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
2. 1/21
+
H1 = IH
[α2λ(7α2λ − 3α2λ′)α2λ′
72mbmsα4λλ′
+
α2λ − α2λ′
2α2λλ′
]
H2 = IH
[7m2qα2λ(α2λ − α2λ′)α2λ′
6mbmsα6λλ′
−
α2λ
(
7α2λ − 3α2λ′
)
α2λ′
72mbmsα4λλ′
+
mq
(
7α2λ − 3α2λ′
)
α2λ′
6msα4λλ′
]
H3 = IH
[
−
7m2qα
2
λα
2
λ′
(
α2λ − α2λ′
)
6mbmsα6λλ′
−
mqα
2
λ
(
3α2λ − 7α2λ′
)
6mbα4λλ′
]
H4 = IH
[
−
7m2qα
2
λα
2
λ′
(
α2λ − α2λ′
)
6mbmsα6λλ′
]
IH =
√
3
2
(
αλαλ′
α2λλ′
)3/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
3. 1/2−
H1 = IH
[
−
mqαλ
(
3α2λ − 2α2λ′
)
6mbmsα2λλ′
+
αλ
2mb
− 2mq
αλ
]
H2 = IH
[
αλ
3mb
− 2mq
αλ
+
αλ
2ms
]
H3 = IH
[
αλ
3mb
−
mqαλ
(
3α2λ − 2α2λ′
)
6mbmsα2λλ′
]
H4 = IH
[mqαλ(3α2λ − 2α2λ′)
6mbmsα2λλ′
− 2m
2
qαλ
mbα2λλ′
− αλ
3mb
]
Rare dileptonic decays of Λb in a quark model 39
IH =
(
αλαλ′
α2λλ′
)5/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
4. 3/2−
H1 = IH
[
− 7mqαλα
2
λ′
4mbmsα2λλ′
− 3αλ
2mb
− 3mq
αλ
]
H2 = IH
[
− 3m
3
qαλα
2
λ′
mbmsα4λλ′
+
9mqαλα
2
λ′
4mbmsα2λλ′
+
2αλ
mb
− 3m
2
qα
2
λ′
msαλα2λλ′
]
H3 = IH
[
3m3qαλα
2
λ′
mbmsα4λλ′
+
mqαλα
2
λ′
2mbmsα2λλ′
+
3m2qαλ
mbα2λλ′
+
αλ
2mb
]
H4 = IH
[
3m3qαλα
2
λ′
mbmsα4λλ′
+
mqαλα
2
λ′
2mbmsα2λλ′
]
H5 = IH
[
− mqαλα
2
λ′
mbmsα2λλ′
− αλ
mb
]
H6 = IH
[
mqαλα
2
λ′
mbmsα2λλ′
]
IH = − 1√
3
(
αλαλ′
α2λλ′
)5/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
5. 3/2+
H1 = IH
[m2q(5α2λ − 2α2λ′)
2mbmsα2λλ′
− 3mq
2mb
+
6m2q
α2λ
]
H2 = IH
[
− 2mq
mb
+
5α2λ
12mbms
− 5mq
2ms
+
6m2q
α2λ
]
H3 = IH
[m2q(5α2λ − 2α2λ′)
2mbmsα2λλ′
− mq
mb
+
5α2λ
12mbms
]
H4 = IH
[
−
m2q
(
5α2λ − 2α2λ′
)
2mbmsα2λλ′
+
6m3q
mbα2λλ′
+
2mq
mb
− 5α
2
λ
12mbms
]
H5 = IH
[
− 5α
2
λ
6mbms
]
H6 = IH
[
2mq
mb
− 5α
2
λ
6mbms
]
IH =
1√
5
(
αλαλ′
α2λλ′
)7/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
Rare dileptonic decays of Λb in a quark model 40
6. 5/2+
H1 = IH
[
13m2qα
2
λ′
4mbmsα2λλ′
+
3mq
mb
+
3m2q
α2λ
]
H2 = IH
[
3m4qα
2
λ′
mbmsα4λλ′
− 17m
2
qα
2
λ′
4mbmsα2λλ′
− 4mq
mb
+
3m3qα
2
λ′
msα2λα
2
λλ′
]
H3 = IH
[
− 3m
4
qα
2
λ′
mbmsα4λλ′
− m
2
qα
2
λ′
mbmsα2λλ′
− 3m
3
q
mbα2λλ′
− mq
mb
]
H4 = IH
[
− 3m
4
qα
2
λ′
mbmsα4λλ′
− m
2
qα
2
λ′
mbmsα2λλ′
]
H5 = IH
[
2m2qα
2
λ′
mbmsα2λλ′
+
2mq
mb
]
H6 = IH
[
− 2m
2
qα
2
λ′
mbmsα2λλ′
]
IH =
1√
2
(
αλαλ′
α2λλ′
)7/2
exp
(
− 3m
2
q
2m˜2Λ
p2Λ
α2λλ′
)
Appendix C: Hadronic Tensors
In this appendix we present the hadronic tensors we use in this work. Recall that the squared amplitude for
dileptonic decays with unpolarized baryons is given by
|M|2 = G
2
Fα
2
em
24π2
|VtbV ∗ts|2 (Hµνa Laµν +Hµνb Lbµν +Hµνc Lcµν +Hµνd Ldµν) , (C1)
where Lfµν are the leptonic tensors. The most general Lorentz structure for each hadronic tensor H
µν
f is
Hµνf = −αfgµν + βf++QµQν + βf+−Qµqν + βf−+qµQν + βf−−qµqν + iγfεµναβQαqβ , (C2)
where Q = pΛb + pΛ is the total baryon 4-momentum and q = pΛb − pΛ is the 4-momentum transfer. The coefficients
α, β±±, and γ are written in terms of products of form factors. A generic coefficient λ in the tensor Hµνa takes the
form
λa =
∑
jk
[
η
V V (λ)
jk A
∗
jAk + η
AA(λ)
jk B
∗
jBk + η
V A(λ)
jk A
∗
jBk + η
AV (λ)
jk B
∗
jAk
]
, (C3)
and similarly for, Hµνb , we have
λb =
∑
jk
[
η
V V (λ)
jk D
∗
jDk + η
AA(λ)
jk E
∗
jEk + η
V A(λ)
jk D
∗
jEk + η
AV (λ)
jk E
∗
jDk
]
. (C4)
For Hµνc and H
µν
d , the coefficients have the form
λc =
∑
jk
[
η
V V (λ)
jk A
∗
jDk + η
AA(λ)
jk B
∗
jEk + η
V A(λ)
jk A
∗
jEk + η
AV (λ)
jk B
∗
jDk
]
,
λd =
∑
jk
[
η
V V (λ)
jk D
∗
jAk + η
AA(λ)
jk E
∗
jBk + η
V A(λ)
jk D
∗
jBk + η
AV (λ)
jk E
∗
jAk
]
, (C5)
respectively. For states with natural parity spinors,
Ai = −2mb
q2
C7F
T
i + C9Fi,
Bi = −2mb
q2
C7G
T
i − C9Gi,
Di = C10Fi, Ei = −C10Gi, (C6)
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and for states with unnatural parity,
Ai = −2mb
q2
C7G
T
i − C9Gi,
Bi = −2mb
q2
C7F
T
i + C9Fi,
Di = −C10Gi, Ei = C10Fi. (C7)
The nonzero values of ηjk for the various final states are given below.
1. J = 1/2
η
V V (α)
1,1 = 2m
2
Λb
(
r − 2√r − sˆ+ 1) , ηAA(α)1,1 = 2m2Λb (r + 2√r − sˆ+ 1) .
η
V V (β++)
1,1 = 2, η
V V (β++)
2,2 =
1
2
(
r + 2
√
r − sˆ+ 1) , ηV V (β++)3,3 = r + 2√r − sˆ+ 12r ,
η
AA(β++)
1,1 = 2, η
AA(β++)
2,2 =
1
2
(
r − 2√r − sˆ+ 1) , ηAA(β++)3,3 = r − 2√r − sˆ+ 12r .
η
V V (β++)
1,2 = η
V V (β++)
2,1 =
√
r + 1, η
V V (β++)
1,3 = η
V V (β++)
3,1 =
1√
r
+ 1,
η
V V (β++)
2,3 = η
V V (β++)
3,2 =
r + 2
√
r − sˆ+ 1
2
√
r
,
η
AA(β++)
1,2 = η
AA(β++)
2,1 =
√
r − 1, ηAA(β++)1,3 = ηAA(β++)3,1 = 1−
1√
r
,
η
AA(β++)
2,3 = η
AA(β++)
3,2 =
r − 2√r − sˆ+ 1
2
√
r
.
η
V V (β+−)
2,2 = η
V V (β−+)
2,2 =
1
2
(
r + 2
√
r − sˆ+ 1) , ηV V (β+−)3,3 = ηV V (β−+)3,3 = −r + 2√r − sˆ+ 12r ,
η
AA(β+−)
2,2 = η
AA(β−+)
2,2 =
1
2
(
r − 2√r − sˆ+ 1) , ηAA(β+−)3,3 = ηAA(β−+)3,3 = −r + 2√r + sˆ− 12r .
η
V V (β+−)
1,2 = η
V V (β−+)
2,1 =
√
r + 1, η
V V (β+−)
2,1 = η
V V (β−+)
1,2 =
√
r − 1,
η
V V (β+−)
1,3 = η
V V (β−+)
3,1 = −
1√
r
− 1, ηV V (β+−)3,1 = ηV V (β−+)1,3 = −
1√
r
+ 1,
η
V V (β+−)
2,3 = η
V V (β−+)
3,2 =
−r − 2√r + sˆ− 1
2
√
r
, η
V V (β+−)
3,2 = η
V V (β−+)
2,3 =
r + 2
√
r − sˆ+ 1
2
√
r
,
η
AA(β+−)
1,2 = η
AA(β−+)
2,1 =
√
r − 1, ηAA(β+−)2,1 = ηAA(β−+)1,2 =
√
r + 1,
η
AA(β+−)
1,3 = η
AA(β−+)
3,1 =
1√
r
− 1, ηAA(β+−)3,1 = ηAA(β−+)1,3 =
1√
r
+ 1,
η
AA(β+−)
2,3 = η
AA(β−+)
3,2 =
−r + 2√r + sˆ− 1
2
√
r
, η
AA(β+−)
3,2 = η
AA(β−+)
2,3 =
r − 2√r − sˆ+ 1
2
√
r
.
η
V V (β−−)
1,1 = −2, ηV V (β−−)2,2 =
1
2
(
r + 2
√
r − sˆ+ 1) , ηV V (β−−)3,3 = r + 2√r − sˆ+ 12r ,
η
AA(β−−)
1,1 = −2, ηAA(β−−)2,2 =
1
2
(
r − 2√r − sˆ+ 1) , ηAA(β−−)3,3 = r − 2√r − sˆ+ 12r .
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η
V V (β−−)
1,2 = η
V V (β−−)
2,1 =
√
r − 1, ηV V (β−−)1,3 = ηV V (β−−)3,1 =
1√
r
− 1,
η
V V (β−−)
2,3 = η
V V (β−−)
3,2 =
−r − 2√r + sˆ− 1
2
√
r
,
η
AA(β−−)
1,2 = η
AA(β−−)
2,1 =
√
r + 1, η
AA(β−−)
1,3 = η
AA(β−−)
3,1 = −
1√
r
− 1,
η
AA(β−−)
2,3 = η
AA(β−−)
3,2 =
−r + 2√r + sˆ− 1
2
√
r
.
η
V A(γ)
1,1 = η
AV (γ)
1,1 = −2.
2. J = 3/2
η
V V (α)
1,1 =
m2Λb
3r
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) , ηV V (α)4,4 = 43m2Λb (r + 2√r − sˆ+ 1) ,
η
AA(α)
1,1 =
m2Λb
3r
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 , ηAA(α)4,4 = 43m2Λb (r − 2√r − sˆ+ 1) ,
η
V V (α)
1,4 = η
V V (α)
4,1 = −
m2Λb
3
√
r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(α)
1,4 = η
AA(α)
4,1 = −
m2Λb
3
√
r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) .
η
V V (β++)
1,1 =
1
3r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β++)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β++)
3,3 =
1
12r2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β++)
4,4 =
1
3r
(
r + 2
√
r − sˆ+ 1) ,
η
AA(β++)
1,1 =
1
3r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β++)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β++)
3,3 =
1
12r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β++)
4,4 =
1
3r
(
r − 2√r − sˆ+ 1) .
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η
V V (β++)
1,2 = η
V V (β++)
2,1 =
1
6r
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β++)
1,3 = η
V V (β++)
3,1 =
1
6r3/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β++)
1,4 = η
V V (β++)
4,1 = −
r3/2 + r −√r + sˆ− 1
3r
,
η
V V (β++)
2,3 = η
V V (β++)
3,2 =
1
12r3/2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β++)
2,4 = η
V V (β++)
4,2 = −
1
6r
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
)
,
η
V V (β++)
3,4 = η
V V (β++)
4,3 =
1
6r3/2
(
−2r3/2 − r2 − 2√r(sˆ− 1) + (sˆ− 1)2
)
.
η
AA(β++)
1,2 = η
AA(β++)
2,1 =
1
6r
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β++)
1,3 = η
AA(β++)
3,1 =
1
6r3/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β++)
1,4 = η
AA(β++)
4,1 =
−r3/2 + r +√r + sˆ− 1
3r
,
η
AA(β++)
2,3 = η
AA(β++)
3,2 =
1
12r3/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β++)
2,4 = η
AA(β++)
4,2 =
1
6r
(
2r3/2 − r2 + 2√r(sˆ− 1) + (sˆ− 1)2
)
,
η
AA(β++)
3,4 = η
AA(β++)
4,3 =
1
6r3/2
(
2r3/2 − r2 + 2√r(sˆ− 1) + (sˆ− 1)2
)
.
η
V V (β+−)
2,2 = η
V V (β−+)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β+−)
3,3 = η
V V (β−+)
3,3 = −
1
12r2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β+−)
4,4 = η
V V (β−+)
4,4 = −
1
3r
(
r + 2
√
r − sˆ+ 1) ,
η
AA(β+−)
2,2 = η
AA(β−+)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β+−)
3,3 = η
AA(β−+)
3,3 = −
1
12r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β+−)
4,4 = η
AA(β−+)
4,4 =
1
3r
(−r + 2√r + sˆ− 1) .
η
V V (β+−)
1,2 = η
V V (β−+)
2,1 =
1
6r
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β+−)
1,3 = η
V V (β−+)
3,1 = −
1
6r3/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β+−)
1,4 = η
V V (β−+)
4,1 = −
1
3r
(√
r + 1
) (
2r +
√
r − sˆ+ 1) .
η
V V (β+−)
2,1 = η
V V (β−+)
1,2 =
1
6r
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β+−)
2,3 = η
V V (β−+)
3,2 = −
1
12r3/2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β+−)
2,4 = η
V V (β−+)
4,2 = −
1
6r
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) + (sˆ− 1)2
)
.
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η
V V (β+−)
3,1 = η
V V (β−+)
1,3 =
1
6r3/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β+−)
3,2 = η
V V (β−+)
2,3 =
1
12r3/2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β+−)
3,4 = η
V V (β−+)
4,3 =
1
6r3/2
(
−6r3/2 − 3r2 + 4r(sˆ− 1) + 2√r(sˆ− 1)− (sˆ− 1)2
)
.
η
V V (β+−)
4,1 = η
V V (β−+)
1,4 =
1
3r
(−√rsˆ+ r + sˆ− 1) ,
η
V V (β+−)
4,2 = η
V V (β−+)
2,4 = −
1
6r
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
)
,
η
V V (β+−)
4,3 = η
V V (β−+)
3,4 =
1
6r3/2
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
)
.
η
AA(β+−)
1,2 = η
AA(β−+)
2,1 =
1
6r
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β+−)
1,3 = η
AA(β−+)
3,1 = −
1
6r3/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β+−)
1,4 = η
AA(β−+)
4,1 = −
1
3r
(√
r − 1) (2r −√r − sˆ+ 1) .
η
AA(β+−)
2,1 = η
AA(β−+)
1,2 =
1
6r
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β+−)
2,3 = η
AA(β−+)
3,2 = −
1
12r3/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β+−)
2,4 = η
AA(β−+)
4,2 = −
1
6r
(
−6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) + (sˆ− 1)2
)
.
η
AA(β+−)
3,1 = η
AA(β−+)
1,3 =
1
6r3/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β+−)
3,2 = η
AA(β−+)
2,3 =
1
12r3/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β+−)
3,4 = η
AA(β−+)
4,3 =
1
6r3/2
(
6r3/2 − 3r2 + 4r(sˆ− 1)− 2√r(sˆ− 1)− (sˆ− 1)2
)
.
η
AA(β+−)
4,1 = η
AA(β−+)
1,4 = −
1
3r
(√
r + 1
) (√
r + sˆ− 1) ,
η
AA(β+−)
4,2 = η
AA(β−+)
2,4 =
1
6r
(
2r3/2 − r2 + 2√r(sˆ− 1) + (sˆ− 1)2
)
,
η
AA(β+−)
4,3 = η
AA(β−+)
3,4 =
1
6r3/2
(
−2r3/2 + r2 − 2√r(sˆ− 1)− (sˆ− 1)2
)
.
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η
V V (β−−)
1,1 = −
1
3r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β−−)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β−−)
3,3 =
1
12r2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β−−)
4,4 =
1
3r
(
r + 2
√
r − sˆ+ 1) ,
η
AA(β−−)
1,1 = −
1
3r
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β−−)
2,2 =
1
12r
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β−−)
3,3 =
1
12r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β−−)
4,4 =
1
3r
(
r − 2√r − sˆ+ 1) .
η
V V (β−−)
1,2 = η
V V (β−−)
2,1 =
1
6r
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β−−)
1,3 = η
V V (β−−)
3,1 = −
1
6r3/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
V V (β−−)
1,4 = η
V V (β−−)
4,1 =
−r3/2 + 3r +√r − sˆ+ 1
3r
,
η
V V (β−−)
2,3 = η
V V (β−−)
3,2 = −
1
12r3/2
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
V V (β−−)
2,4 = η
V V (β−−)
4,2 = −
1
6r
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) + (sˆ− 1)2
)
,
η
V V (β−−)
3,4 = η
V V (β−−)
4,3 =
1
6r3/2
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) + (sˆ− 1)2
)
.
η
AA(β−−)
1,2 = η
AA(β−−)
2,1 =
1
6r
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β−−)
1,3 = η
AA(β−−)
3,1 = −
1
6r3/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2) ,
η
AA(β−−)
1,4 = η
AA(β−−)
4,1 =
−r3/2 − 3r +√r + sˆ− 1
3r
,
η
AA(β−−)
2,3 = η
AA(β−−)
3,2 = −
1
12r3/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) ,
η
AA(β−−)
2,4 = η
AA(β−−)
4,2 = −
1
6r
(
−6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) + (sˆ− 1)2
)
,
η
AA(β−−)
3,4 = η
AA(β−−)
4,3 =
1
6r3/2
(
−6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) + (sˆ− 1)2
)
.
η
V A(γ)
1,1 = η
AV (γ)
1,1 = −
r2 − 2r(sˆ+ 1) + (sˆ− 1)2
3r
, η
V A(γ)
4,4 = η
AV (γ)
4,4 =
2
3
,
η
V A(γ)
1,4 = η
AV (γ)
4,1 =
r − 2√r − sˆ+ 1
3
√
r
, η
V A(γ)
4,1 = η
AV (γ)
1,4 =
r + 2
√
r − sˆ+ 1
3
√
r
.
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3. J = 5/2
η
V V (α)
1,1 =
m2Λb
20r2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
V V (α)
4,4 =
3m2Λb
20r
(
r − 2√r − sˆ+ 1) (r + 2√r − sˆ+ 1)2 ,
η
AA(α)
1,1 =
m2Λb
20r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
AA(α)
4,4 =
3m2Λb
20r
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1) .
η
V V (α)
1,4 = η
V V (α)
4,1 = −
m2Λb
20r3/2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(α)
1,4 = η
AA(α)
4,1 = −
m2Λb
20r3/2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 .
η
V V (β++)
1,1 =
1
20r2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β++)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β++)
3,3 =
1
80r3
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β++)
4,4 =
1
20r2
(
2r5/2 − 2r3/2(sˆ+ 2) + r3 − r2(2sˆ+ 1) + r (2sˆ2 − sˆ− 1)+
2
√
r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
AA(β++)
1,1 =
1
20r2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β++)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β++)
3,3 =
1
80r3
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β++)
4,4 =
1
20r2
(
− 2r5/2 + 2r3/2(sˆ+ 2) + r3 − r2(2sˆ+ 1) + r (2sˆ2 − sˆ− 1)−
2
√
r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
V V (β++)
1,2 = η
V V (β++)
2,1 =
1
40r2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β++)
1,3 = η
V V (β++)
3,1 =
1
40r5/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β++)
1,4 = η
V V (β++)
4,1 = −
1
20r2
(
r7/2 − r5/2(2sˆ+ 3) + r3/2 (sˆ2 + 3)+ r3 − r2(sˆ+ 3)−
r
(
sˆ2 + 2sˆ− 3)−√r(sˆ− 1)2 + (sˆ− 1)3)2,
η
V V (β++)
2,3 = η
V V (β++)
3,2 =
1
80r5/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β++)
2,4 = η
V V (β++)
4,2 = −
1
40r2
(
−2r3/2 + r2 − 2√r(sˆ− 1)− (sˆ− 1)2
) (
r + 2
√
r − sˆ+ 1)2 ,
η
V V (β++)
3,4 = η
V V (β++)
4,3 = −
1
40r5/2
(
−2r3/2 + r2 − 2√r(sˆ− 1)− (sˆ− 1)2
) (
r + 2
√
r − sˆ+ 1)2 .
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η
AA(β++)
1,2 = η
AA(β++)
2,1 =
1
40r2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β++)
1,3 = η
AA(β++)
3,1 =
1
40r5/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β++)
1,4 = η
AA(β++)
4,1 =
1
20r2
(
− r7/2 + r5/2(2sˆ+ 3)− r3/2 (sˆ2 + 3)+ r3 − r2(sˆ+ 3)−
r
(
sˆ2 + 2sˆ− 3)+√r(sˆ− 1)2 + (sˆ− 1)3),
η
AA(β++)
2,3 = η
AA(β++)
3,2 =
1
80r5/2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β++)
2,4 = η
AA(β++)
4,2 = −
1
40r2
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
) (
r − 2√r − sˆ+ 1)2 ,
η
AA(β++)
3,4 = η
AA(β++)
4,3 = −
1
40r5/2
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
) (
r − 2√r − sˆ+ 1)2 .
η
V V (β+−)
2,2 = η
V V (β−+)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β+−)
3,3 = η
V V (β−+)
3,3 = −
1
80r3
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β+−)
4,4 = η
V V (β−+)
4,4 =
1
20r2
(
r3/2(4sˆ+ 2) + r2(2sˆ+ 1)− 2√r(sˆ− 1)2 −
3rsˆ(sˆ− 1) + (sˆ− 1)
)3
,
η
AA(β+−)
2,2 = η
AA(β−+)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β+−)
3,3 = η
AA(β−+)
3,3 = −
1
80r3
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β+−)
4,4 = η
AA(β−+)
4,4 =
1
20r2
(
− 2r3/2(2sˆ+ 1) + r2(2sˆ+ 1) + 2√r(sˆ− 1)2 −
3rsˆ(sˆ− 1) + (sˆ− 1)3
)
.
η
V V (β+−)
1,2 = η
V V (β−+)
2,1 =
1
40r2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β+−)
1,3 = η
V V (β−+)
3,1 = −
1
40r5/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β+−)
1,4 = η
V V (β−+)
4,1 = −
1
20r2
(√
r + 1
)(
r5/2 − 2r3/2(sˆ+ 1) + 2r3 − r2(5sˆ+ 3) +
4r(sˆ− 1)sˆ+√r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
V V (β+−)
2,1 = η
V V (β−+)
1,2 =
1
40r2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β+−)
2,3 = η
V V (β−+)
3,2 = −
1
80r5/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β+−)
2,4 = η
V V (β−+)
4,2 = −
1
40r2
(
− 6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r + 2
√
r − sˆ+ 1)2 .
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η
V V (β+−)
3,1 = η
V V (β−+)
1,3 =
1
40r5/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β+−)
3,2 = η
V V (β−+)
2,3 =
1
80r5/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β+−)
3,4 = η
V V (β−+)
4,3 = −
1
40r5/2
(
− 6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r + 2
√
r − sˆ+ 1)2 .
η
V V (β+−)
4,1 = η
V V (β−+)
1,4 =
1
20r2
(√
r − 1)(r5/2 − 2r3/2(sˆ+ 1)− r2(sˆ− 1) + 2r (sˆ2 − 1)+
√
r(sˆ− 1)2 − (sˆ− 1)3
)
,
η
V V (β+−)
4,2 = η
V V (β−+)
2,4 = −
1
40r2
(
−2r3/2 + r2 − 2√r(sˆ− 1)− (sˆ− 1)2
) (
r + 2
√
r − sˆ+ 1)2 ,
η
V V (β+−)
4,3 = η
V V (β−+)
3,4 =
1
40r5/2
(
−2r3/2 + r2 − 2√r(sˆ− 1)− (sˆ− 1)2
) (
r + 2
√
r − sˆ+ 1)2 .
η
AA(β+−)
1,2 = η
AA(β−+)
2,1 =
1
40r2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β+−)
1,3 = η
AA(β−+)
3,1 = −
1
40r5/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β+−)
1,4 = η
AA(β−+)
4,1 = −
1
20r2
(√
r − 1)(− r5/2 + 2r3/2(sˆ+ 1) + 2r3 − r2(5sˆ+ 3) +
4r(sˆ− 1)sˆ−√r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
AA(β+−)
2,1 = η
AA(β−+)
1,2 =
1
40r2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β+−)
2,3 = η
AA(β−+)
3,2 = −
1
80r5/2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β+−)
2,4 = η
AA(β−+)
4,2 = −
1
40r2
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r − 2√r − sˆ+ 1)2 .
η
AA(β+−)
3,1 = η
AA(β−+)
1,3 =
1
40r5/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β+−)
3,2 = η
AA(β−+)
2,3 =
1
80r5/2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β+−)
3,4 = η
AA(β−+)
4,3 = −
1
40r5/2
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r − 2√r − sˆ+ 1)2 .
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η
AA(β+−)
4,1 = η
AA(β−+)
1,4 = −
1
20r2
(√
r + 1
)(
r5/2 − 2r3/2(sˆ+ 1) + r2(sˆ− 1)− 2r (sˆ2 − 1)+
√
r(sˆ− 1)2 + (sˆ− 1)3
)
,
η
AA(β+−)
4,2 = η
AA(β−+)
2,4 = −
1
40r2
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
) (
r − 2√r − sˆ+ 1)2 ,
η
AA(β+−)
4,3 = η
AA(β−+)
3,4 =
1
40r5/2
(
2r3/2 + r2 + 2
√
r(sˆ− 1)− (sˆ− 1)2
) (
r − 2√r − sˆ+ 1)2 .
η
V V (β−−)
1,1 = −
1
20r2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β−−)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β−−)
3,3 =
1
80r3
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β−−)
4,4 =
1
20r2
(
6r5/2 − 6r3/2sˆ+ 3r3 + r2(3− 6sˆ) + r (4sˆ2 − 5sˆ+ 1)+
2
√
r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
AA(β−−)
1,1 = −
1
20r2
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β−−)
2,2 =
1
80r2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β−−)
3,3 =
1
80r3
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β−−)
4,4 =
1
20r2
(
− 6r5/2 + 6r3/2sˆ+ 3r3 + r2(3− 6sˆ) + r (4sˆ2 − 5sˆ+ 1)−
2
√
r(sˆ− 1)2 − (sˆ− 1)3
)
.
η
V V (β−−)
1,2 = η
V V (β−−)
2,1 =
1
40r2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β−−)
1,3 = η
V V (β−−)
3,1 = −
1
40r5/2
(√
r − 1) (r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
V V (β−−)
1,4 = η
V V (β−−)
4,1 = −
1
20r2
(
r7/2 − r5/2(2sˆ+ 3) + r3/2 (sˆ2 + 3)− 3r3 + r2(7sˆ+ 5) +
r
(−5sˆ2 + 6sˆ− 1)−√r(sˆ− 1)2 + (sˆ− 1)3),
η
V V (β−−)
2,3 = η
V V (β−−)
3,2 = −
1
80r5/2
(
r − 2√r − sˆ+ 1)2 (r + 2√r − sˆ+ 1)3 ,
η
V V (β−−)
2,4 = η
V V (β−−)
4,2 = −
1
40r2
(
− 6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r + 2
√
r − sˆ+ 1)2 ,
η
V V (β−−)
3,4 = η
V V (β−−)
4,3 =
1
40r5/2
(
− 6r3/2 + 3r2 − 4r(sˆ− 1) + 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r + 2
√
r − sˆ+ 1)2 .
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η
AA(β−−)
1,2 = η
AA(β−−)
2,1 =
1
40r2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β−−)
1,3 = η
AA(β−−)
3,1 = −
1
40r5/2
(√
r + 1
) (
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2 ,
η
AA(β−−)
1,4 = η
AA(β−−)
4,1 =
1
20r2
(
− r7/2 + r5/2(2sˆ+ 3)− r3/2 (sˆ2 + 3)− 3r3 + r2(7sˆ+ 5) +
r
(−5sˆ2 + 6sˆ− 1)+√r(sˆ− 1)2 + (sˆ− 1)3),
η
AA(β−−)
2,3 = η
AA(β−−)
3,2 = −
1
80r5/2
(
r − 2√r − sˆ+ 1)3 (r + 2√r − sˆ+ 1)2 ,
η
AA(β−−)
2,4 = η
AA(β−−)
4,2 = −
1
40r2
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r − 2√r − sˆ+ 1)2 ,
η
AA(β−−)
3,4 = η
AA(β−−)
4,3 =
1
40r5/2
(
6r3/2 + 3r2 − 4r(sˆ− 1)− 2√r(sˆ− 1) +
(sˆ− 1)2
)(
r − 2√r − sˆ+ 1)2 .
η
V A(γ)
1,1 = η
AV (γ)
1,1 = −
(
r2 − 2r(sˆ+ 1) + (sˆ− 1)2)2
20r2
,
η
V A(γ)
4,4 = η
AV (γ)
4,4 =
r2 − 2r(sˆ+ 1) + (sˆ− 1)2
20r
,
η
V A(γ)
1,4 = η
AV (γ)
4,1 = −
r2 − 2r(sˆ+ 1) + (sˆ− 1)2
10r
,
η
V A(γ)
4,1 = η
AV (γ)
1,4 =
r2 − 2r(sˆ+ 1) + (sˆ− 1)2
10r
.
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